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Abstract 

We prove that the pair-of-pants product on the Floer homology of the 
cotangent bundle of a compact manifold M corresponds to the Chas-Sullivan 
loop product on the singular homology of the loop space of M. We also prove 
related results concerning the Floer homological interpretation of the Pontr- 
jagin product and of the Serre fibration. The techniques include a Fredholm 
theory for Cauchy-Riemann operators with jumping Lagrangian boundary 
conditions of conormal type, and a new cobordism argument replacing the 
standard gluing technique. 



Contents 

Introduction [2 

1 The Pontrjagin and the loop products |^ 

1.1 The Pontrjagin product IC 

1.2 The Chas-SuUivan loop product IC 

1.3 Relationship between the two products [12 

2 Morse chain level descriptions |^ 

2.1 The Morse complex of the Lagrangian action functional 14 

2.2 Morse description of the homomorphisms c*, ev*, and ii 17 

2.3 Morse description of the Pontrjagin product 19 

2.4 Morse description of the loop product |2C 

3 Floer homologies on cotangent bundles and their ring structures E 

3.1 Floer homology for nonlocal conormal boundary conditions .... 23 

3.2 The Floer equation on triangles and pair-of-pants |29 



1 



3.3 The triangle and the pair-of-pants products 

3.4 Factorization of the pair-of-pants product 

3.5 The homomorphisms C, Ev, and Ii 

Isomorphisms between Morse and Floer complexes 

4.1 The chain complex isomorphism 

4.2 A chain level proof of Theorem B 

4.3 A chain level proof of Theorem A 

4.4 The left-hand square is homotopy commutative 

4.5 The right-hand square is homotopy commutative 

4.6 Comparison between C, EV, It and c, ev, h 

Linear theory 

5.1 The Maslov index 

5.2 Elliptic estimates on the quadrant 

5.3 Strips with jumping conormal boundary conditions 

5.4 The Fredholm property 

5.5 A Liouville type result 

5.6 Computation of the index 

5.7 Half-strips with jumping conormal boundary conditions 

5.8 Nonlocal boundary conditions 

5.9 Coherent orientations 

5.10 Nonlinear consequences 

Compactness and cobordism Il03 

6.1 Compactness in the case of jumping conormal boundary conditions 104 

6.2 Removal of singularities 107 

6.3 Proof of Proposition EUni 109 

6.4 Proof of Proposition [431 114 

6.5 Proof of Proposition [in [ll7 

Appendix - Morse constructions Il24 

A.l The Morse complex 124 

A. 2 Functoriality 128 

A. 3 The exterior homology product 13C 

A. 4 Intersection products Il31 



Introduction 

Let M be a closed manifold, and let iJ be a time-dependent smooth Hamiltonian 
on T*M, the cotangent bundle of M. We assume that H is 1-periodic in time and 
grows asymptotically quadratically on each fiber. Generically, the corresponding 
Hamiltonian system 

x'{t)^XH{t,x{t)), (1) 

has a discrete set 3^{H) of 1-periodic orbits. The free Abelian group F^,{H) gener- 
ated by the elements in ^^(H), graded by their Conley-Zehnder index, supports a 
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chain complex, the Floer complex d). The boundary operator d is defined 

by an algebraic count of the maps u from the cylinder IR x T to T*M, solving the 
Cauchy-Riemann type equation 



dsu{s,t) + J{u{s,t)){dtu{s,t) - XH{t,u{s,t))) =0, V(s,i)eRxT, (2) 



and converging to two 1-periodic orbits of ([T]) for s —oo and s — > +00. Here 
J is the almost-complex structure on T*M induced by a Riemannian metric on 
M, and ([2]) can be seen as the negative i^-gradient equation for the Hamiltonian 
action functional. 

This construction is due to A. Floer (see e.g. |Flo88a( [Flo88bl IFlo89a( IFlo89bj ) 
in the case of a closed symplectic manifold P, in order to prove a conjecture of 
Arnold on the number of periodic Hamiltonian orbits. The extension to non- 
compact symplectic manifolds, such as the cotangent bundles we consider here, 
requires suitable growth conditions on the Hamiltonian, such as the convexity 
assumption used in [Vit96j or the asymptotic quadratic-growth assumption used 
in [AS06b| . The Floer complex obviously depends on the Hamiltonian H, but its 
homology often does not, so it makes sense to call this homology the Floer homology 
of the underlying symplectic manifold P, and to denote it by HF^, (P) . The Floer 
homology of a compact symplectic manifold P without boundary is isomorphic to 
the singular homology of P, as proved by A. Floer for special classes of symplectic 
manifolds, and later extended to larger and larger classes by several authors (the 
general case requiring special coefficient rings, see iHS95» iLT98. F099 ). Unhke 
the compact case, the Floer homology of a cotangent bundle T*M is a truly infinite 
dimensional homology theory, being isomorphic to the singular homology of the 
free loop space A(M) of AI. This fact was first proved by C. Viterbo (see [Vit96j ) 
using a generating functions approach, later by D. Salamon and J. Weber using 
the heat flow for curves on a Riemannian manifold (see |SW06| ). and then by 
the authors in [AS06b| . In particular, our proof reduces the general case to the 
case of a Hamiltonian which is uniformly convex in the momenta, and for such a 
Hamiltonian it constructs an explicit isomorphism between the Floer complex of 
H and the Morse complex of the action functional 



associated to the Lagrangian L which is the Fenchel dual of H. The latter com- 
plex is the standard chain complex associated to the Lagrangian action functional 
Sl. The domain of such a functional is the infinite dimensional Hilbert manifold 
VF"'^'^(T, M) consisting of closed loops of Sobolev class W^'^ on M, and an impor- 
tant fact is that the functional Sl is bounded from below, has critical points with 
finite Morse index, satisfies the Palais-Smale condition, and, although in general 
it is not C^, it admits a smooth Morse-Smale pseudo-gradient fiow. The construc- 
tion of the Morse complex in this infinite dimensional setting and the proof that 
its homology is isomorphic to the singular homology of the ambient manifold are 
described in [AM06j . The isomorphism between the Floer and the Morse com- 
plex is obtained by coupling the Cauchy-Riemann type equation on half-cylinders 
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with the gradient flow equation for the Lagrangian action. We cafl this the hybrid 
method. 

Since the space VF^'^(T, A/) is homotopy equivalent to A(M), we get the re- 
quired isomorphism 

: H^AiM)) ^ HF,{T*M), (3) 

from the singular homology of the free loop space of M to the Floor homology of 
T*M. 

Additional interesting algebraic structures on the Floer homology of a sym- 
plectic manifold are obtained by considering other Riemann surfaces than the 
cylinder as domain for the Cauchy- Riemann type equation By considering 
the pair-of-pants surface, a non-compact Riemann surface with three cylindrical 
ends, one obtains the pair-of-pants product in Floer homology (see |Sch95j and 
|MS04| ). When the symplectic manifold P is closed and symplectically aspherical, 
this product corresponds to the standard cup product from topology, after identi- 
fying the Floer homology of P with its singular cohomology by Poincare duality, 
while when the manifold P can carry J-holomorphic spheres, the pair-of-pants 
product corresponds to the quantum cup product of P (see |PSS96| and |LT99| ). 

The main result of this paper is that in the case of cotangent bundles, the 
pair-of-pants product is also equivalent to a product on H^{A{M)) coming from 
topology, but a more interesting one than the simple cup product: 

Theorem A. Let M be a closed oriented manifold. Then the isomorphism $^ in 
10] is a ring isomorphism when the Floer homology of T*M is endowed with its 
pair-of-pants product, and the homology of the space of free parametrized loops of 
M is endowed with its Chas-Sullivan loop product. 

The latter is an algebraic structure which was recently discovered by M. Chas 
and D. Sullivan [CS99], and which is currently having a strong impact in string 
topology (see e.g. [CHVOGj and |Sul07j ). It is the free loop space version of the 
classical Pontrjagin product 

# : H,{n{M, qo)) ® Hk{n{M, qo)) ^ Hj+k{n{M, qa)) 

on the singular homology of the space ri(M, go) of loops based at go- As the 
Pontrjagin product, it is induced by concatenation and it can be described in 
the following way. Let Q{M) be the subspace of A(M) x A(M) consisting of 
pairs of parametrized loops with identical initial point. If M is oriented and 
n-dimensional, 0(M) is both a co-oriented 71-codimensional submanifold of the 
Banach manifold A(M) x A(M), as well as of A(Af) itself via the concatenation 
map F: Q{M) A{M), 

A{M) X A(M) A e{M) A(M) . (4) 

Seen as continuous maps, e and F induce homomorphisms e*, F.^ in homology. 
Seen as n-codimensional co-oriented embeddings, they induce Umkehr maps 

er.H,{A{M) x A(M)) ^ i/j_„(e(Af)), 
Tr.H,{A{M)) ^ i/,_„(e(Af)). 
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The loop product is the degree — rt product on the homology of the free loop space 
of M, 

o : i/,(A(M)) iJfc(A(Af)) ^ i/,+fc_„(A(Af)), 
defined as the composition 

Hj{K{M)) ® Hk{A{M)) ^ Hj+k{A{M) x A(Af)) ^ H,+k-n{e{M)) 

^ Hj + k-niHM)), 

where x is the exterior homology product. The loop product turns out to be 
associative, commutative, and to have a unit, namely the image of the fundamental 
class of M by the embedding of A/ into A(Af) as the space of constant loops. 
More information about the loop product and about its relationship with the 
Pontrjagin and the intersection product on M are recalled in Section [1] Similarly, 
the composition e* o Fi gives a coproduct of degree —n (for coefficients in a field), 
corresponding to the pair-of-pants coproduct on Floer homology. However, it is 
easy to see that this coproduct is almost entirely trivial, except for homology 
classes of dimension n, so we shall not consider it in this paper. 

Coming back to Theorem A, it is worth noticing that the analogy between the 
pair-of-pants product and the loop product is even deeper. Indeed, we may look at 
the solutions {xi, X2) : [0, 1] T*M x T*M of the following pair of Hamiltonian 
systems 

x'^{t)^XH,{i.^i{i)). x'2{t)^XH,{t,xi{t)), (5) 
coupled by the nonlocal boundary condition 

9i(0)-<Zi(l)- 92(0) -92(1), 

Pl(l)-Pl(0)=p2(0)-P2(l). 

Here we are using the notation Xj{t) — (qj (t) , pj (t)) , with qj{t) e M andpj(t) e 
T* f^^-^M, for j — 1,2. By studying the corresponding Lagrangian boundary value 
Cauchy-Riemann type problem on the strip IR x [0, 1], we obtain a chain complex, 
the Floer complex for figure-8 loops {F^{Hi ® H2), d) on the graded free Abelian 
group generated by solutions of ([5])- ([6]). Then we can show that: 

(i) The homology of the chain complex {F^{Hi ® H2), d) is isomorphic to the 
singular homology of 8(Af). 

(ii) The pair of pants product factors through the homology of this chain com- 
plex. 

(iii) The first homomorphism in this factorization corresponds to the homomor- 
phism ei o X, while the second one corresponds to the homomorphism T^. 

We also show that similar results hold for the space ri(A/, go) of loops which 
are based at qq e M. The Hamiltonian problem in this case is the equation ^ 
for X — {q,p) : [0, 1] T* M with boundary conditions 

q{0) = q{l) = go. 
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Since the fiber T*^M is a Lagrangian submanifold of T*M, this is a Lagrangian 
intersection problem, and one can associate to it a Floer homology, that we denote 
by HF^{T*M). On such a Floer homology there is a product 

T^,^ : HFf{T*M) ® HF^{T*M) -> HF^l^{T*M), 

which is called the triangle product. Then we can prove the following: 

Theorem B. Let M be a closed manifold. Then there is a ring isomorphism 

: H4n{M,qo)) ^ HFI\T*M), 

where the singular homology of the based loop space D,{M, qq) is endowed with the 
Pontrjagin product ^ and the Floer homology HF^{T*M) is equipped with the 
triangle product. 

Actually, every arrow in the commutative diagram from topology 
(M) Hk (M) Hj+k-n (M) 

H,{A{M)) ® Hk{A{M)) H,+k-n{A{M)) (7) 

has an equivalent homomorphism in Floor homology. Here • is the intersection 
product in singular homology, c is the embedding of M into A(M) by constant 
loops, and ii denotes the Umkehr map induced by the n-codimensional co-oriented 
embedding i : n{M) ^ A{M). 

The first step in the proof of the main statements of this paper is to describe 
objects and morphisms from algebraic topology in a Morse theoretical way. The 
way this translation is performed is well known in the case of finite dimensional 
manifolds (see e.g. |Fuk93j . |Sch93j . [BC94] . [Vit95] . |Fuk97j V In Appendix A 
we outline how these results extend to infinite dimensional Hilbert manifolds, 
paying particular attention to the transversality conditions required for each con- 
struction. In Section [21 we specialize the analysis to the action functional asso- 
ciated to Lagrangians which have quadratic growth in the velocities. See also 
ICohOeilCHVOellCSOQ] . 

The core of the paper consists of Sections |3] and ID In the former we define the 
Floer complexes we are dealing with and the products on their homology. All the 
Floer homologies we consider here - for free loops, based loops, or figure-8 loops 
- are special cases of Floer homology for nonlocal conormal boundary conditions. 
Therefore, we unify the presentation by using this level of generality (see |APS08| 1: 
Given a closed manifold Q, we fix a closed submanifold R oi Q x Q and consider 
the Hamiltonian orbits x : [0,1] T*Q such that (a;(0), — a;(l)) belongs to the 
conormal bundle N* R of R, that is to the set of covectors in T*{Q x Q) which 
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are based at R and annihilate every vector which is tangent to R. The Floer 
homolos; y on T*Q associated to N*R is denoted by HFf{T*Q). The standard 
Floer homology on T*M with periodic boundary conditions corresponds to the 
choice Q = M and R = Am, the diagonal in M x M. Floer homology for based 
loops (or Dirichlet boundary conditions) corresponds to choosing Q = M and R 
to consist of the point (go,9o)- Finally, in Floer homology for figure-8 loops we 
choose Q = M x M and R — A'^^j , the set of quadruples (q, q, q, q) in M*. 
In Section |4l we start by recalling the construction of the isomorphism 

<i>f: H^iPBiQ)) ^ HFf {T*Q) 

where Pr{Q)) is the space of continuous paths 7 : [0, 1] Q such that (7(0), 7(1)) G 
R. Then we prove Theorems A and B, as corollaries of chain level results (Theo- 
rems and UT]) involving the Morse complex of the Lagrangian action functional. 
In Section r4.61 we complete the picture, by showing how the other homomorphisms 
which appear in diagram ([7]) can be described in a Floer theoretical way. 

The linear Fredholm theory used in these sections is described in Section [5l 
whereas Section [S] contains compactness and removal of singularities results, to- 
gether with the proofs of three cobordism statements from Sections [3] and 21 

Some of the proofs are based on standard techniques in Floer homology, and in 
this case we just refer to the literature. However, there are a few key points where 
we need to introduce some new ideas. We conclude this introduction by briefly 
describing these ideas. 

Riemann surfaces as quotients of strips with slits. The definition of the 
pair-of-pants product requires extending the Cauchy-Riemann type equation ^ 
to the pair-of-pants surface. The Cauchy-Riemann operator dg + Jdt naturally 
extends to any Riemann surface, by letting it take value into the vector bundle 
of anti-linear one-forms. The zero-order term —JXH{t,u) instead does not have 
a natural extension when the Riemann surface does not have a global coordinate 
z — s + it. The standard way to overcome this difficulty is to make this zero- 
order term act only on the cylindrical ends of the pair-of-pants surface - which 
do have a global coordinate z — s + it - hy multiplying the Hamiltonian by a 
cut-off function making it vanish far from the cylindrical ends (see |Sch95| , |MS04i 
Section 12.2], but see also [SeiOSj for a different approach). This construction does 
not cause problems when dealing with compact symplectic manifolds as in the 
above mentioned reference, but in the case of the cotangent bundle it would create 
problems with compactness of the spaces of solutions. In fact, on one hand cutting 
off the Hamiltonian destroys the identity relating the energy of the solution with 
the oscillation of the action functional, on the other hand our C°-estimate for the 
solutions requires coercive Hamiltonians. 

We overcome this difficulty by a different - and we believe more natural - way 
of extending the zero-order term. We describe the pair-of-pants surface - as well 
as the other Riemann surfaces we need to deal with - as the quotient of an infinite 
strip with a slit - or more slits in the case of more general Riemann surfaces. At 
the end of the slit we use a chart given by the square root map. In this way, the 
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Riemann surface is still seen as a smooth object, but it carries a global coordinate 
z = s-\-it with singularities. This global coordinate allows to extend the zero-order 
term without cutting off the Hamiltonian, and preserving the energy identity. See 
Section 13.21 below. 

Cauchy-Riemann operators on strips with jumping boundary condi- 
tions. When using the above description for the Riemann surfaces, the problems 
we are looking at can be described in a unified way as Cauchy-Riemann type equa- 
tions on a strip, with Lagrangian boundary conditions presenting a finite number 
of jumps. In Section [5] we develop a complete linear theory for such problems, in 
the case of Lagrangian boundary conditions of conormal type. This is the kind of 
conditions which occur naturally on cotangent bundles. Once the proper Sobolev 
setting has been chosen, the proof of the Fredholm property for such operators 
is standard. The computation of the index instead is reduced to a Liouville type 
statement, proved in Section [5.51 

These linear results have the following consequence. Let Rq, . . . , Rk be sub- 
manifolds of Q X Q, such that Rj~i and Rj intersect cleanly, for every j = 1, . . . ,k. 
Let —00 = So < si < ■ ■ ■ < Sk < Sk+i — +oo, and consider the space ^ consisting 
of the maps u : R x [0,1] T*Q solving the Cauchy-Riemann type equation 
satisfying the boundary conditions 

(u(s, 0), -u{s, 1)) e N*Rj Vs e [sj, Sj+i], Vj = 0, . . . , fc, 

and converging to Hamiltonian orbits x~ and a;"*" for s — > — oo and s +oo. The 
results of Section [5] imply that for a generic choice of the Hamiltonian H the space 
^ is a manifold of dimension 

k 

dim^ = fi^^ix^) - fi^''{x+) - ^(dimi?j_i - dimi?j_i n Rj). 

Here ^,^°{x^) and ^^'=(a;+) are the Maslov indices of the Hamiltonian orbits x'^ 
and x+, with boundary conditions (a;"(0), -a;"(l)) G N*Ra, (a;+(0), -a;+(l)) G 
iV*i?fe, suitably shifted so that in the case of a fiberwise convex Hamiltonian they 
coincide with the Morse indices of the corresponding critical points 7^ and 7+ of 
the Lagrangian action functional on the spaces of paths satisfying (7^(0), 7^ (1)) •= 
Rq and (7"''(0), 7"'"(1)) S Rk, respectively. Similar formulas hold for problems 
on the half-strip. See Section [5.101 for precise statements. Different approaches 
to jumping Lagrangian boundary conditions can be found in [IS02| . in [WW07i 
IW W09al IWWOQbl IWW09^ . and in |CEL09| . 

Cobordism arguments. The main results of this paper always reduce to the 
fact that certain diagrams involving homomorphisms defined either in a Floer or 
in a Morse theoretical way should commute up to a chain homotopy. The proof 
of such a commutativity is based on cobordism arguments, saying that a given 
solution of a certain Problem 1 can be "continued" by a unique one-parameter 
family of solutions of a certain Problem 2, and that this family of solutions con- 
verges to a solution of a certain Problem 3. In many situations such a statement 
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can be proved by the classical gluing argument in Floer theory: One finds the 
one-parameter family of solutions of Problem 2 by using the given solution of 
Problem 1 to construct an approximate solution, to be used as the starting point 
of a Newton iteration scheme which converges to a true solution. When this is 
the case, we just refer to the literature. However, we encounter three situations 
in which the standard arguments do not apply, one reason being that we face a 
Problem 2 involving a Riemann surface whose conformal structure is varying with 
the parameter: this occurs when proving that the pair-of-pants product factorizes 
through the figure-8 Floer homology (Section 13. 4p . that the Pontrjagin product 
corresponds to the triangle product (Section 14. 2p . and that the homomorphism 
ei o X corresponds to its Floer homological counterpart (Section l4.4p . We manage 
to reduce the former two statements to the standard implicit function theorem (see 
Sections 16.31 and | 6.4[) . The proof of the latter statement is more involved, because 
in this case the solution of Problem 2 we are looking for cannot be expected to be 
even C^-close to the solution of Problem 1 we start with. We overcome this diffi- 
culty by the following algebraic observation: In order to prove that two chain maps 
ipytjj : C C are chain homotopic, it suffices to find a chain homotopy between 
the chain maps (f^ip and ■)/' and to find an element e G Co and a chain map 6 
from the complex C to the trivial complex (Z,0) such that S{(p{e)) = 5{il;{e)) = 1 
(see Lemma 14.61 below). In our situation, the chain homotopy between ifSiip s-ud 
tp ® if is easier to find, by using a localization argument and the implicit function 
theorem (see Section 16.51) . This argument is somehow reminiscent of an alterna- 
tive way suggested by H. Hofer to prove standard gluing results in Floer homology. 
The construction of the element e and of the chain map S is presented in Section 
14.41 together with the proof of the required algebraic identity. This is done by 
considering special Hamiltonian systems, having a hyperbolic equilibrium point. 

The main results of this paper were announced in [AS06aj . Related results 
concerning the equivariant loop product and its interpretation in the symplectic 
field theory of unitary cotangent bundles have been announced in [CL07j . 

Acknov^rledgements. We wish to thank the Max Planck Institute for Mathe- 
matics in the Sciences of Leipzig and the Department of Mathematics at Stanford 
University, and in particular Yasha Eliashberg, for their kind hospitality. We are 
also indebted with Ralph Cohen and Helmut Hofer for many fruitful discussions. 
The first author thanks the Humboldt Foundation for financial support in the 
form of a Humboldt Research Fellowship for Experienced Researchers. The second 
author thanks the Deutsche Forschungsgemeinschaft for the support by the grant 
DFG SCHW 892/2-3. 



9 



1 The Pontrjagin and the loop products 



1.1 The Pontrjagin product 

Given a topological space M and a point go G we denote by ri(M, go) the space 
of loops on M based at go : that is 



endowed with the compact-open topology. Here T = R/Z is the circle parameter- 
ized by the interval [0, 1]. The concatenation 



maps f2(M, go) x r2(Af, go) continuously into r2(M, go). The constant loop go is a 
homotopy unit for F, meaning that the maps 7 r(go,7) and 7 1-^ r(7,go) are 
homotopic to the identity map. Moreover, T is homotopy associative, meaning 
that To (r X id) and To (id x F) are homotopic. Therefore, F defines the structure 
of an i7-space on r2(A/, go). 

We denote by i?* the singular homology functor with integer coefficients. The 
composition 



H,in{M,qo))(g>Hkin{M,qo)) Hj+kmM,qo)xn{M,qQ)) ^ H,+kin{M, qo)) 



where the first arrow is the exterior homology product, is by definition the Pontr- 
jagin product 



The fact that go is a homotopy unit for F implies that [go] G Ho{^{M,qo)) is the 
identity element for the Pontrjagin product. The fact that F is homotopy asso- 
ciative implies that the Pontrjagin product is associative. Therefore, the product 
^ makes the singular homology of ri(M, go) a graded ring. In general, it is a 
non-commutative graded ring. See for instance [tDKP70] for more information on 
iJ-spaces and the Pontrjagin product. 

1.2 The Chas-Sulhvan loop product 

We denote by A(M) := C°(T, M) the space of free loops on M. Under the as- 
sumption that M is an oriented n-dimensional manifold, it is possible to use the 
concatenation map F to define a product of degree —n on H■^,{A{M)). In order to 
describe the construction, we need to recall the definition of the Unikehr map. 

Let be a (possibly infinite-dimensional) smooth Banach manifold, and let 
e : Mo ^ M he a. smooth closed embedding, which we assume to be rt-co- 
dimensional and co-oriented. In other words, Aio is a closed submanifold of M 
whose normal bundle NMq := TA4\mo/TMo has dimension n and is oriented. 
The tubular neighborhood theorem provides us with a homcomorphism u : U ^ 



n{M, go) := {7 e C"(T, M) \ 7(0) = go} , 




for < t < 1/2, 
for 1/2 <t< 1, 



# : Hj{n{M, go)) ® Hk{n{M, go)) ^ H.+kimi, 9o)). 
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NMa, uniquely determined up to isotopy, of an open neighborhood of Mo onto 
NMo, mapping Mo identicaUy onto the zero section of NMo, that we also denote 
by A^o (see |Lan99) . IV. §5-6, if M admits smooth partitions of unity - for instance, 
if it is a Hilbert manifold - then u can be chosen to be a smooth diffeomorphism) . 
The Umkehr map e\ associated to the embedding e is defined to be the composition 

Hj{M) — ^ Hj{MM\Mo) ^ Hj{U,U\Mo) ^ Hj{NMo, NMo\ Mo) 
H,^,,{Mo), 

where the first arrow is induced by the inclusion, the second one is the isomorphism 
given by excision, and the last one is the Thom isomorphism associated to the n- 
dimensional oriented vector bundle NMo, that is, the cap product with the Thom 
class TNMa e H-^{NMo,NMo\Mo). 

We recall that if Af is an n-dimensional manifold, A(M) is an infinite dimen- 
sional smooth manifold modeled on the Banach space C°(T, R"). The set 6(A/) 
of pairs of loops with the same initial point (figure-8 loops), 

e(M) {(71,72) e A(A/) X A(M) | 71(0) = 72(0)} , 

is the inverse image of the diagonal Am of M x M by the smooth submersion 

ev X ev : A(M) x A(M) M x Af, (71,72) ^ (71 (0), 72(0)). 

Therefore, 8(Af) is a closed smooth submanifold of A(Af ) x A(Af ), and its normal 
bundle NQ{M) is n-dimensional, being isomorphic to the pull-back of the normal 
bundle NAm of Am in A/ x M by the map ev x ev. The Banach manifold A(A'/) 
does not admit smooth partitions of unity (actually, the Banach space C°(T, R") 
does not admit non-zero functions of class with bounded support). So in gen- 
eral a closed submanifold of A(Af), or of A(A/) x A(Af), will not have a smooth 
tubular neighborhood. However, it would not be difficult to show that the subman- 
ifold 0(Af) and all the submanifolds we consider in this paper do have a smooth 
tubular neighborhood, which can be constructed explicitly by using the exponen- 
tial map and the tubular neighborhood theorem on finite-dimensional manifolds. 
If moreover A/ is oriented, so is A^Am and thus also NQ{M). Notice also that 
the concatenation map F is well-defined and smooth from 8(Af) into A(Af). If 
wc denote by e the inclusion of Q{M) into A(Af) x A(A/), the Chas-SuUivan loop 
product (see [CSQQJ is defined by the composition 

Hj{k{M)) ® Hk{A{M)) H,+k{A{M) x A(M)) ^ i/,+fe_„(e(Af)) 

and it is denoted by 

o : H,{K{M)) ® Hk{K{M)) ^ (A(Af)). 

We denote hy c : M K{M) the map which associates to every q E AI the 
constant loop q in A(Af). A simple homotopy argument shows that the image of 
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the fundamental class [M] € Hn{M) under the homomorphism c* is a unit for 
the loop product: aoc*[M] = c*[M]oa = a for every a G if*(A(M)). Since 
To (id X r) and To (F x id) are homotopic on the space of triplets of loops with the 
same initial points, the loop product turns out to be associative. Finally, notice 
that the maps (71,72) ^ r(7i,72) and (71,72) 1-^ r(72,7i) are homotopic on 
G(M), by the homotopy 



r«(7i,72)(i) := 



72(2f - s) if < t < s/2, or (s + l)/2 < t < 1, 
7i(2i-s) if s/2<i< (s + l)/2. 



This fact implies the following commutation rule 

/3oa = (-l)(l«l-")(l''l-")ao/3, 

for every a,/3 G H^{A{M)). 

In order to get a product of degree zero, it is convenient to shift the grading 
by n, obtaining the graded group 

H,-(A(M)) := if,-+„(A(M)), 

which becomes a graded commutative ring with respect to the loop product (com- 
mutativity has to be understood in the graded sense, thatis/3oa= (-l)l"ll'5lao/3). 

1.3 Relationship between the two products 

If M is an oriented n-dimensional manifold, we denote by 

. : Hj{M) ® Hk{M) ^ Hj+k-n{M), 

the intersection product on the singular homology of M (which is obtained by 
composing the exterior homology product with the Umkehr map associated to the 
embedding of the diagonal into M x M) . Shifting again the grading by n, we see 
that the product • makes 

a commutative graded ring. 

Being the inverse image of go by the submersion ev : A(M) M , cv{"f) = 7(0), 
fi(M, qo) is a closed submanifold of A(M), and its normal bundle is n-dimcnsional 
and oriented. If i : il{M,qo) ^ A(M) is the inclusion map, we find that the 
following diagram 

Hj (M) ® Hk (M) — ^ Hj+k-n (M) 

C»0C» c, 

Hj{A{M))(^Hk{A{M)) Hj+k-niHM)) (1.1) 
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commutes. In other words, the maps 

{H,(M),.} ^ {H*(A(Af)), o} ^ {iJ,(f^(M,go),#} 

are graded ring homomorphisms. Notice that the homomorphism c* is always 
injective onto a direct summand, the map ev being a left inverse of c. Using the 
spectral sequence associated to the Serre fibration 

n{M) A(M) M, 

it is possible to compute the ring {IH*(A(M)), o} from the intersection product 
on M and the Pontrjagin product on f2(M), when M is a sphere or a projective 
space, see |C JY03] . 

The aim of this paper is to show how the homomorphisms appearing in the 
diagram above can be described symplectically, in terms of different Floer homolo- 
gies of the cotangent bundle of M, when the manifold M is closed. The first step 
is to obtain a Morse theoretical chain level description of diagram (jl.ip . by using 
suitable Morse functions on some infinite dimensional Hilbert manifolds having 
the homotopy type of n{M, qq), A(M), and Q{M).. 

1.1 Remark. The loop product was defined by Chas and Sullivan in \CS99f . by 
using intersection theory for transversal chains. The definition we use here is 
due to Cohen and Jones fUJO ^. See also lCS04\ \M04\ WCROa \Coh06l \CHVOa 
\Ram06l \Sul07\ I CKS081 1 CS09f for more information and for other interpretations 
of this product. 

2 Morse chain level descriptions 

The aim of this section is to describe the Pontrjagin product 7^, the loop product 
o , and the other homomorphisms appearing in diagram (jl.ip in a Morse theoretical 
way. As it is well known, the singular homology of a (possibly infinite dimensional) 
manifold M is isomorphic to the homology of the Morse chain complex associated 
to a suitable Morse function on A4, and most homomorphisms between singular 
homology groups can be read at the chain level using these Morse complexes. The 
constructions of the Morse complex and of various homomorphisms between them, 
in the infinite dimensional setting needed in this paper, are described in Appendix 
A. 

Because of technical reasons, Hilbert manifolds are easier to deal with than 
Banach manifolds. Therefore, the first thing to do is to replace the Banach man- 
ifolds A(M) (continuous free loops on M), n{M,qo) (continuous loops based at 
go), and Q{M) (continuous figure-8 loops) by the Hilbert manifolds 

AHM) W''^J,M), n\M,qo) {7 G A\M) \ 7(0) = go} , 
e\M) := {(71,72) e A\M) X A\M) \ 71(0) =72(0)} , 

where W^''^ denotes the class of absolutely continuous curves whose derivative is 
square integrable. The inclusions 

A\M) ^ A(M), n\M, qo) ^ n{M, go), e\M) e(M), 
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are homotopy equivalences. Therefore, we can replace A(M), f](M, qo), and 9(Af) 
by A^(M), n^(M,qo), and 9^(M) in the constructions of Section [T] (notice that 
the concatenation of two curves of class W^'"^ is still of class W^'^). 

2.1 The Morse complex of the Lagrangian action functional 

Applying the results of Appendix A, one could find Morse chain level descriptions 
of all the homomorphisms of diagram p.ip by using quite a general class of abstract 
Morse functions on M, A^{M), Q,^{M,qo), and Q^{M). However, in order to find 
a link with Floer theory, we wish to consider a special class of functions on the 
three latter manifolds, namely the action functionals associated to a (possibly 
time-dependent) Lagrangian L on TM. 

Since we wish to consider different boundary conditions, it is useful to unify 
the presentation by working with general nonlocal conormal boundary conditions. 
Let Q be a closed manifold (in our applications, Q is either M or M x M), and 
let i? be a closed submanifold of Q x Q. Let L : [0, 1] x TQ ^ IR be a smooth 
function such that there exist real numbers -^i > and £2 > such that 

(LI) Vy^L{t,q,v) > III, 

(L2) \VggL{t,q,v)\<e2{l + \v\^), \Vg,L{t,q,v)\<£2{l + \v\), \V,,L{t,q,v)\ < £2, 

for every (i, q, v) in [0, 1] x TQ. Here we have fixed a Riemannian metric on Q, with 
associated norm | • |, and V„, denote the vertical and horizontal components 
of the gradient with respect to this metric and to the induced metric on TQ. The 
fact that Q is compact implies that these conditions do not depend on the choice 
of the metric. Conditions (LI) implies that L is strictly fiberwise convex and 
grows at least quadratically in v. Condition (L2) implies that L grows at most 
quadratically in v. 

The Euler- Lagrange equation for a curve 7 : [0, 1] i-^ Q can be written in local 
coordinates as 

j^d^Lit, j{t),y{t)) = d,L{t, 7(i), 7(0), (2.1) 

and by (LI) the corresponding second order Cauchy problem is locally well-posed. 
By (L2), the Lagrangian action functional 

Sl(7) f L{tMt).i{t))dt 
Jo 

is continuously differentiable on the Hilbert manifold Ty^'^([0, 1], Q). Moreover, 
it is twice Gateaux differentiable at every curve 7, but it is everywhere twice 
Frechet differentiable if and only if for every (t, q) the function v 1-^ L{t, q, v) is 
a polynomial of degree at most two on TgQ (see [?]). In the latter case, if we 
also assume (LI), the homogeneous part of degree two in v 1-^ L{t, q, v) should be 
a positive quadratic form, so L is an electro-magnetic Lagrangian, i.e. it has the 
form 

L{t,q,v) ^ -{A{t,q)v,v) + {a{t,q),v) -V{t,q), 
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where (•, •) denotes the duahty pairing, A{t,q) : TqQ — + T*Q is a positive sym- 
metric hnear mapping smoothly depending on {t,q) (the kinetic energy), a is a 
smoothly time dependent one- form (the magnetic potential), and y is a smooth 
function (the scalar potential). In this case, the action functional Sl is actually 
smooth. In some situations, one can restrict the attention to electromagnetic La- 
grangians, as in [APS08| . However, in view of the transversality issues coming 
from Floer homology, it is convenient to work with the more general class of La- 
grangians which satisfy (LI) and (L2). The reason is that some issues concerning 
J-holomorphic curves on cotangent bundles become much simpler when J is the 
Levi-Civita almost complex structure (see Section [31 and in particular Remark 
13. 3p . Therefore, in this paper we prefer not to perturb the Levi-Civita J, and to 
achieve the transversality needed in Floer theory by perturbing the Hamiltonian, 
or equivalently, the Lagrangian. The class of electro-magnetic Lagrangians is too 
rigid for this purpose, whereas the fact that conditions (LI) and (L2) are stable 
with respect to C^-small perturbations of L allows to achieve transversality within 
this class. 

The closed submanifold R oi Q x Q defines the following boundary conditions 
for solutions 7 : [0, 1] x Q of the Euler-Lagrange equation \2.\\ : 

(7(0), 7(1)) eg, (2.2) 

i?,L(0,7(0),7'(0))Ko] - i?.i(l,7(l),7'(l))Ki], V(eo,ei) e r(^(o)^^(i))i?. (2.3) 

These conditions take a simpler form when read in the Hamiltonian formulation, 
see SectionO The set of solutions of ([23]) -([221) -([23]) is denoted by ^^\L). The 
elements of ^^(L) are precisely the critical points of , that is the restriction 
of the Lagrangian action functional Sl to the Hilbert submanifold 

W]i\% l],Q) {7 e W^'\[0, 1], Q) I (7(0), 7(1)) e R] . 

A critical point 7 of has always finite Morse index 

4(7; Sf ) < -HcxD, 

and it is non-degenerate if and only if there are no non-zero Jacobi vector fields 
along 7 (i.e. solutions of the linear system which is obtained by linearizing (|2.ip 
along 7) which satisfy the linear boundary conditions that one finds by linearizing 

Let us assume that all the elements of ^^(L) are non-degenerate. This as- 
sumption holds for a generic choice of L, in several reasonable topologies (a subset 
of a topological space is said to be generic if it is a countable intersection of open 
and dense sets). Although the functional S£ is in general not twice Frechet dif- 
ferentiable, it admits a smooth pseudo-gradient X , in the sense of Appendix lA.ll 
which satisfies the conditions (X1)-(X2)-(X3)-(X4) of lA.ll This fact is proved in 
[?]. Hence, such a functional has a well-defined Morse complex A/*(S£), whose 
homology -ffM*(S£) is isomorphic to the singular homology of M^j!j,'^([0, 1], Q), as 
explained in Appendix lA.il 

In this paper, we are interested in the following three boundary conditions. 
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Periodic boundary conditions. Here Q — M and R — Am is the diagonal 
in M X AI. Under the extra assumption that L g C°°([0, 1] x TM) extends as 
a smooth 1-periodic function on IR x TM, the set ^^*^(L) is precisely the set 
1-periodic solutions of the Euler-Lagrange equation (|2.ip . We denote such a set 
also by ^^(L), and the restricted functional Sf^" by : A^(Af) R, noticing 
that W^liiO, 1],M) = Ai(M). The non-degeneracy condition is just: 

(LO)'^ every solution 7 e ^^{L) is non-degenerate, meaning that there are no 
non-zero periodic Jacobi vector fields along 7. 

The Morse index of a critical point 7 of S;^ is denoted by 1^(7), or by 1^(7; L) 
when the choice of the Lagrangian L is not clear from the context. The homology 
of the Morse complex A'h{S^) is isomorphic to the singular homology of A^{AI), 
hence to the singular homology of A{M). 

Dirichlet boundary conditions. Here Q = M and R consists of the single 
point {qo,qo), for some fixed qa e M. The set ,'3^'^'^°''^°\L), that we denote also 
by J^^(L), is precisely the set of solutions 7 : [0, 1] ^ M of the Euler-Lagrange 
equation (|2.1|) such that ^(0) =7(1) = qo- The space of curves W^j^J^^^^([0, 1], M) is 

just n'^{M,qo), and the functional S^*'''"^ is denoted also by : f^^(M,go) ^ R- 
The non-degeneracy condition is now: 

(LO)^^ every solution 7 g 3^^{L) is non-degenerate, meaning that there are no 
non-zero Jacobi vector fields along 7 which vanish for t = and for t = 1. 

The non-degeneracy condition (LO)^ is generic also in the smaller class of au- 
tonomous Lagrangians L, whereas (LO)^ requires L to be explicitly time-dependent, 
because if L is autonomous then 7' is always a Jacobi vector field along 7. The 
Morse index of a critical point 7 of S2 is denoted by ?^^(7) — i^^{j;L). The ho- 
mology of the Morse complex M,(S2) is isomorphic to the singular homology of 
r2^(M, go), hence to the singular homology of n(M, qo). 

Figure-8 boundary conditions. Here Q — M x M and R — A.^^ is the fourth 
diagonal in M^: 

Ait^ :={(g,q,g,(Z) IgeAf}. 
In this case, it is convenient (although not necessary) to chose L of the form 
L = Li © L2, where 

Vte [0,1], 

Li®L2{t,q,v) := Li{t,qi,vi) + L2{t,q2,V2), Vg = (91,92) £ M x M, 

Vf = {V1,V2) e T(q^,q^)M X M, 

so that the elements of S^'^m (L) are the pairs of Af- valued curves (71,72) such 
that each 7^ solves the Euler-Lagrange equation induced by Lj , and such that the 
boundary conditions 

1 2 

7i(0) = 7i(l)= 72(0) =72(1), ^^(-l)»i?„L,(»,7,(0,7;(z))=0 (2.4) 

1=0 i=l 
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hold. The set of such sohitions is denoted also by ^^{Li © £2)- The space 

of curves W ([0, 1],M x M) coincides with Q^iM), and the functional S^""' is 

denoted simply by : Q^{AI) R. The corresponding non-degeneracy condition 
is: 

(LO)® every solution (71,72) G ^^{Li © L2) is non-degenerate, meaning that 
there are no non-zero pairs of Jacobi vector fields (^1, ^2) along (71, 72) such 
that 

6(0) = ei(i) = 6(0) = 6(i), 

1 2 

J2 {D,vL, {z, 7, (*) , 7; m, (*) + D^vL, 7, (*) , 7; (*)) = 0. 

i=0 j=l 

This condition allows both Li and L2 to be autonomous. It also allows Li = L2, 
but this excludes the autonomous case (otherwise pairs (7,7) with 7 S ^^(ii) = 
^^{L-i) non-constant would violate (LO)®). The Morse index of a critical point 
7 of Sfj^0^2 is denoted by 1^(7) = 1^(7; Li © L^)- The homology of the Morse 
complex Af*(Sf^^^2) isomorphic to the singular homology of 6^(M), hence to 
the singular homology of 8 (A/). 

2.2 Morse description of the homomorphisms c*, ev*, and ii 

The aim of this section is to describe the chain maps between Morse complexes 
that are induced by the smooth maps 

c : M ^ Ai(M), c(ci)(t) = q, ev : k^{M) M, ev(7) = 7(0), 
i: r!i(M,go) ^ Ai(M). 

Everything follows from the abstract results of Appendix IA.2I and IA.4[ provided 
that we check the transversality conditions which are required there. 

It is straightforward to apply the results of Section IA.2I to describe the homo- 
morphisms 

c, : HkiM) -> i/fc(Ai(M)), and ev, : Hk{K\M)) -> Hk{M), 

in terms of the Morse complexes of and of a smooth Morse function / on M. 
Indeed, in the case of c* one imposes the condition 

gecrit(/) =^ c(g)^^A(L), (2.5) 

which guarantees (jA.2[) and (|A.3p (given any Lagrangian L satisfying (LO)^, one 
can always find a Morse function f on M such that (|2.5p holds, simply because 
(LO)^ implies that the Euler-Lagrange equation has finitely many constant solu- 
tions). Then one can find a metric g on M and a smooth pseudo-gradient Xf^ for 
S;^ such that the vector fields and — grad^/ satisfy the Morse-Smale condition. 
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and the restriction of c to the unstable manifold of each q E crit(/) is transverse 
to the stable manifold of each 7 G crit(S;^). When i{q; /) = the intersection 

w"iq;-gTs.dj)nc-^w^r,XL)) 

consists of finitely many points, each of which comes with an orientation sign ±1. 
The algebraic sums nc{q,j) of these signs provide us with the coefficients of a 
chain map 

MfcC : Mkif) ^ MkiSt), 

which in homology induces the homomorphism c* . 

The map ev : A^{M) M is a submersion, so (IA.2P holds automatically. 
Condition (jA.3p instead is implied by 

-i&,'S^^{L) =^ 7(0) ^ crit(/), (2.6) 

which again holds for a generic /, given L. Then, for a generic metric g on M and 
a generic pseudo-gradient Xf^ for S;^, the intersections 

W^"(7; Xt) n ev-i {W'{q- -grad,,/)) , 

consist of finitely many oriented points, which add up to the integer nev(7, 9), for 
every 7 g ^^{L) and q S crit(/), such that 1^(7) = i{q;f)- These integers are 
the coefficients of a chain map 

MkBY : Mfe(S^) ^ Mkif), 

which in homology induces the homomorphism ev* . 

2.1 Remark. The fact that ev* o c* = idH^(^M), together with the fact that the 
Morse complex is free, implies that Af*evo iV/*c is chain homotopic to the identity 
onM.if). 

We conclude this section by using the results of Section IA.4I to describe the 
homomorphism 

ii : Hk{K\M)) ^ i/fe_„(r!i(Af,go)), 

working with the same action functional Sl both on A^(M) and on r2^(M, go)- 
Conditions (|A.7p and (|A.8|1 are implied by the following assumption, 

^E.^^{L) =^ l{0)^qo, (2.7) 

a condition holding for all but a countable set of go's. Under this assumption, up 
to the perturbation of the Morse-Smale pseudo-gradient vector fields X^ and X^ 
for and S2, we may assume that the unstable manifold of each 71 G ^^(L) is 
transverse to the stable manifold of each 72 G ^^(L) in A^(Af). When 1^^(72) = 
*^(7i) — the set 

W-iji;Xt)nw^{j2;x2) 

consists of finitely many oriented points, which determine the integer 7iii(7i,72). 
These integers are the coefficients of a chain map 

A/i, : A/4S^) ^ M*_„(S2), 

which in homology induces the homomorphism ii. 
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2.3 Morse description of the Pontrjagin product 

In the last section we have described the vertical arrows of diagram as well 

as a preferred left inverse of the top-right vertical arrow. The top horizontal arrow 
is described at the end of Appcndix lA.4l It remains to describe the middle and the 
bottom horizontal arrows, that is the loop product and the Pontrjagin product. 
This section is devoted to the description of the Pontrjagin product, while in the 
next one we will deal with the loop product. The following Propositions 12.21 12.41 
and 12.51 are consequences of the general statements in Appendix A. 

Given two Lagrangians Li,L2 £ C°°{[0,1] x TM) which satisfy (LO)", (LI), 
(L2), and are such that Li{l, ■) = ^2(0, •) with all the time derivatives, we define 
a Lagrangian Li^L2 G C°°([0, 1] x TAI) in the same class by setting 

2Lii2t,q,v/2) if0<t<l/2, 
Li#L2 {t, q,v)-^ 2L2(2t - 1, q, v/2) if 1/2 < t < 1. ^^'^^ 

The curve 7 : [0, 1] ^ M is a solution of the Euler-Lagrange equation (j2.ip with 
L = Li#L2 if and only if the rescaled curves t 1-^ j{t/2) and t 1-^ ^{{t + l)/2) 
solve the corresponding equation given by the Lagrangians Li and L2, on [0,1]. 
We assume that also Li#L2 satisfies (LO)^. 

In view of the results of Section IA.31 we wish to consider the functional ® 

Sg^ onfii(M,go) X f^i(A/,go), 

S2,®Sg,(7i,72) = S2,(7i) + Sg,(72), 
and the functional S^^^l.-, on il^(Af, go)- The concatenation map 

r : n\M,qo) X r!i(Af,go) ^ ^\M,qo) 

is nowhere a submersion, so condition (jA.2|) for the triplet (F, S^^ S^^, S^^^^^^) 
requires that the image of F does not meet the critical set of S^^^^^^, that is 

7e^''(Li#i2) =^ 7(1/2)^90. (2.9) 

Notice that (|2.9p allows Li and L2 to be equal, and actually it allows them to be 
also autonomous (however, it implies that go is not a stationary solution, so they 
cannot be the Lagrangian associated to a geodesic flow). 

Assuming the generic condition (|2.9p . condition (|A.3|) is automatically fulfilled. 
Moreover, if -^p^ and X^^ are pseudo-gradients for S^^ and S^^, we have that for 
every 71 S ^"(ii) and 72 G ^^{12), 



r(w-"((7i,72);^l?, © ^Fj) n crit(s2,#ij 



By Remark IA.3| there is no need to perturb the vector field ATp^ X^^ on 
0"'^(M, go) X 0-'^(M, go) to achieve transversality, and we arrive at the following 
description of the Pontrjagin product. 

Let X2^, X2^, and X^^^^^ be Morse-Smale pseudo-gradients for S^^, S^^, 
and S2j^^i2, respectively. Fix an arbitrary orientation of the unstable manifolds 
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of each critical point of S^^, Sy,^, S2^^l2- perturbation of X^^^i^^, we 

get that the restriction of T to the unstable manifold 

W^"((7i,72);^F, ® = W-{ji;Xl) X iy"(72;X{?J 

of every critical point (71,72) G ^^{Li) x £P^{L2) is transverse to the stable 
manifold 

of each critical point of S^j^z,^- When 1^(7) = 4^(71) +1^(72), the corresponding 
intersections 

{(ai,«2) e W"{-fi;;X2j x T4^"(72;X£j | r(ai,a2) G W^^(7; J} , 

is a finite set of oriented points. Let ?^#(7l,72;7) be the algebraic sum of these 
orientation signs. 

2.2 Proposition. The homomorphism 

M#:M,{S2j®Mk{S2j^M,+,iS2,#L,), 11^72^ J2 "#(7i, 72; 7) 7, 

7e^"(Li#L2) 

»"(7)=i+fc 

is a chain map, and it induces the Pontrjagin product ^ in homology. 

2.3 Remark. It is not necessary to consider the Lagrangian Li^L2 on the target 
space 0/ this homomorphism. One could actually work with any three Lagrangians 
(with the suitable non- degeneracy condition replacing i2.9\) ). The choice of dealing 
with two Lagrangians Li, L2 and their concatenation Li^L2 is important to get 
energy estimates in Floer homology. We have made this choice also here mainly 
to see which kind of non- degeneracy condition one needs. 

2.4 Morse description of the loop product 

The loop product is slightly more complicated than the other homomorphisms 
considered so far, because it consists of a composition where two homomorphisms 
are non-trivial (that is, not just identifications) when read on the Morse homology 
groups, namely the Umkehr map associated to the submanifold Q^{M) of figure-8 
loops, and the homomorphism induced by the concatenation map T : 0^(M) — > 
A^(M). We shall describe these homomorphisms separately, and then we will show 
a compact description of their composition. See also |CS09| . where these Morse 
theoretical descriptions are extended to more general graphs than the figure-8. 
Let us start by describing the Umkehr map 

ei : Hk{K\M) x k\M)) ^ Hk-n{Q\M)). 

Let ii,L2 e C°°(T X TM) be Lagrangians which satisfy (LO)"^, (LI), (L2), and 
are such that Li © L2 satisfies (LO)®. Assume also 

71 e ^^(£1), 72 e ^^{L2) =^ 71 (0) ^ 72(0). (2.10) 
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Notice that this condition prevents Li from coinciding with L2, but it holds for 
a generic pair (Li,L2)- We shall consider the functional S^^ ® S;^^ on A^{M) x 
A^(M), and the functional Sf^^^^ on e^(M). Condition (j^TH)) implies that the 
unconstrained functional © has no critical points on Q^{M), so conditions 
fOl) and jXSl hold. 

By the discussion of Appendix I A. 41 we can find smooth Morse-Smale pseudo- 
gradients ^i^ei^ and ATf^^La S^^®S^^ and Sf^^^^ respectively, such that the 
unstable manifold IV^i-/'] X^^^^J of every 7" = (71", 72") G ^"^(Li) x ^^(^2) 
is transverse to 9^(M) and to the stable manifold IF'* (7+; AT^^^^^) of every 7+ e 
^®(Li ® L2)- Actually, it is convenient to assume that A"j^^^^^ is so close to 
^Li ® t^at the Morse complex of (S^^ ® S^^,^^^^^^ equals the Morse 
complex of (S^^ ® S^^, © J, and that = ® X;^^ up to order 

one at the critical points. 

Fix an arbitrary orientation of the unstable manifold of every critical point 
of S^^, S^2' ^^'^ ^Li®L2- '^^^ assumptions on Xj^^^^^, also the unstable 
manifolds VF"(7~; AT^^^j^^) are oriented. When ^^(7^) = i^(7i~) + ^^(72") ~ 
the intersection 

is a finite set of oriented points. If we denote by rie, (7", 7^) the algebraic sum of 
these orientation signs, we have the following: 

2.4 Proposition. The homomorphism 

Mfe(St,®St)^M,.„„(S«eLj. 7"- E ne.(7-,7+)7+, 

i<3(7 + )=fc-n 

is a chain map, and it induces the Umkehr map e\ in homology. 

By composing this homomorphism with the Morse theoretical version of the 
exterior homology product described in Section [A. 3| that is the isomorphism 

we obtain the homomorphism 

Here we are using the fact that the Morse complexes of (S^^ ® S^^i -^Li(sL2^ 
(St^®St^,XA ®xA) coincide. 

Let us describe the homomorphism 

induced by the concatenation map T. Let Li,L2 E C°°([0, 1] x TM) be La- 
grangians which satisfy (LI), (L2), and are such that = £2(0, •) and 

L2(l, •) = -^1(0,0 with all the time derivatives. We assume that Li ® L2 sat- 
isfies (LO)® and that the time periodic Lagrangian Li#L2 satisfies (LO)'^. We 
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would like to apply the results of Section to the functionals Sf^^^^ 6^(M) 
and S^^^^^ on A^{M). The map r : 8^(M) A^(M) is nowhere a submersion, 
so condition (|X2|) for the triplet (F, Sf^^^^, S^^^^J requires that r{e^{M)) does 
not contain critical points of S^^_^^^. The latter fact is equivalent to the condition 

7e^^(ii#L2) =^ 7(1/2)^^7(0), (2.11) 

which holds for a generic pair (Li,L2)- Assuming (|2.1ip . conditions (|A.2p and 
(|A.3p are automatically fulfilled. Therefore, the discussion of Section FA. 21 implies 
that we can find Morse-Smale pseudo-gradients Xf^^^^ and X-^_^^j^^ for Sf^^^^ 
and S^^_^^^, respectively, such that the restriction of F to the imstable manifold 

of every critical point 7~ = (7f ,72^) G ^^{Li © L2) is transverse to the stable 
manifold 

w^^(7+;^t#Lj 

of every critical point 7+ € ^^(Li#L2). Fix arbitrary orientations for the un- 
stable manifolds of every critical point of Sf^^^^ and Sj^^^^^^. When = 
i®(7~), the intersection 

{(ai,a2) e W^'ij-;Xl^^J \ r(ai,a2) e W%j+ ; X^^^^J} , 

is a finite set of oriented points. If we denote by f^^(7~, 7^) the algebraic sum of 
these orientation signs, we have the following: 

2.5 Proposition. The homomorphism 

Mr : M,(S« g^^J -> Mfe(S^^^^J, 7"^ «r(7",7+)7+, 

i'^(7+)=fc 

is a chain map, and it induces the homomorphism F* : Hk{Q^{M)) Hk{A^{M)) 
in homology. 

Therefore, the composition Mr o M\ induces the loop product in homology. 

We conclude this section by exhibiting a compact description of the loop prod- 
uct 

o : H,{A\M)) ® Hk{A'{M)) -> Hj+k-n{A\M)). 

Since we are not going to use this description, wc omit the proof. Let Li,L2 G 
C°°(T X TM) be Lagrangians which satisfy (LO)^, (LI), (L2), such that ii(0, •) = 
^2(0,-) with all time derivatives, and such that the concatenated Lagrangian 
LiH^L2 defined by ()2.8|) satisfies (LO)^. We also assume ()2.10p . noticing that 
this condition prevents Li from coinciding with L2. Let X^_^^^^ and X-^_^^j^^ be 
Morse-Smale pseudo-gradients for S^^ S^^ and S^^_^^^, respectively. By ()2.10|) . 
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the functional Sf^^^^ critical points on Q^{M), so up to the perturbation 

of X^^^^^, we can assume that for every 71 G ^^(Li), 72 G 3^^{L2), the unsta- 
ble manifold VF"((7i, 72); X^^^j^^) is transverse to Q^{M). Moreover, assumption 
(|2.10p implies that the image of Q^{M) by the concatenation map F does not con- 
tain any critical point of S^^-^^^. Therefore, up to the perturbation of 
we can assume that for every 71 g ^^(Li), 72 € =^^(L2), the restriction of F to 
the submanifold 

W-"((7i,72);Xf^eLjnei(M) 
is transverse to the stable manifold W'^{'-^\Xf^_^^^^) of each 7 e .^^'^(L). In par- 
ticular, when 1^(7) = *^(7i) + i^{'^2) — n, the submanifold 

{(ai,a2) e l¥"((7i,72);^f,®Ljnei(A/) I F(ai,«2) e W^^(7;^l,#lJ} 

is a finite set of oriented points. We contend that if n o (71 , 72 ; 7) denotes the 
algebraic sum of the corresponding orientation signs, the following holds: 

2.6 Proposition. The homomorphism 

Mj(Sij®A/fc(Sij^M,+fc_„(Si^#iJ, 71^72^ «o(7i,72;7)7, 

7ei?"^(ii#i2) 

i*(7)=J+'i-'-n 

(2.12) 

is a chain map, and it induces the loop product in homology. 

3 Floer homologies on cotangent bundles and their 
ring structures 

3.1 Floer homology for nonlocal conormal boundary condi- 
tions 

In this section we recall the construction of Floer homology for Hamiltonian orbits 
on cotangent bundles with nonlocal conormal boundary conditions. This is the 
Hamiltonian version of the setting described in Section 12.11 See |AS06b| and 
|APS08j for detailed proofs. 

Let Q be a closed manifold (in our applications, Q is either Af or M x M), and 
let i? be a closed submanifold of Q x Q. We shall often denote the elements of the 
cotangent bundle T*Q as pairs {q,p), where q E Q and p £ T*Q. Let oj = dp Adq 
be the standard symplectic form on the manifold T*Q, that is the differential of 
the Liouville form rj := pdq. Equivalently, the Liouvillc form 77 can be defined by 

77(C) = xiD7r{x)[C]), for C G T.,T*M, x G T*Q, 

where tt : T*Q ^ Q is the bundle projection. Let Y — pdp he the standard 
Liouville vector field on T*Q, which is defined by the identity 

^{Y,-)^V- (3.1) 
Consider the class of smooth Hamiltonians H on [0, 1] x T*Q such that: 
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(HI) DH{t,q,p)[Y] - H{t,q,p) > ho\p\^ - h,, 

(H2) \VgH{t, q,p)\< h2{l + \VpH{t, q,p)\ < h2{l + \p\), 

for every {t,q,p), for some constants Hq > 0, ft-i G R, /12 > 0. Here Vg and Vp 
denote the horizontal and vertical components of the gradient, with respect to 
a Riemannian metric on Q and to the induced metric on T*Q, and | • | denotes 
the norm associated to such a metric. The fact that Q is compact easily implies 
that (HI) and (H2) do not depend on the choice of this metric. Condition (HI) 
essentially says that H grows at least quadratically in p on each fiber of T*M, and 
that it is radially convex for \p\ large. Condition (H2) implies that H grows at most 
quadratically in p on each fiber. Notice also that if H is the Fenchel transform 
of a fiber-wise strictly convex Lagrangian L in C°°([0, 1] x TM) (see Section BTTj) . 
then the term DH{t,q,p)[Y{q,p)] — H{t,q,p) appearing in (HI) coincides with 
L{t,q,DpH{t,q,p)). 

Let Xh be the time-dependent Hamiltonian vector field associated to H by 
the formula u!{Xh, •) = —D^H. Condition (H2) implies the quadratic bound 

\XH{t,q,p)\<h^[l + \p\^), (3.2) 

for some > 0. Let {t,x) 1-^ (t)^{t,x) be the non-autonomous flow associated to 
the vector field Xh- 

The conormal bundle N*R of i? in Q x Q is the set of covectors x — {q,p) in 
T*{Q X Q) such that q = (qi, 92) belongs to R and p = (^1,^2) e ^(?i,g2)(<3 ^ Q) 
vanishes identically on T(q-^ q^)R. It is a vector bundle over R and the dimension of 
its fibers equals the codimension of i? in Q x Q. The Liouville form of T* [Q x Q) 
vanishes on N*R, so in particular N*R is a Lagrangian submanifold of T*{Q x 
Q). Actually, conormal bundles can be characterized as those middle dimensional 
closed submanifolds of a cotangent bundle on which the Liouville form vanishes, 
see Proposition 2.1 in |APS08| . 

We are interested in the set ^^{H) of solutions x : [0,1] T*Q of the 
Hamiltonian equation 

x'{t)^XH{t,x{t)), (3.3) 
which satisfy the boundary conditions 

(a;(0),<^a;(l)) e iV*i?, (3.4) 

where is the anti-symplectic involution 

c^,T*Q^T*Q, {q,p)^{q,-p). 

Equivalently, we are looking at the intersections of the Lagrangian submanifold 
N*R with the Lagrangian submanifold given by the graph of o 0^(1, •) (we are 
always considering the standard symplectic form w ® w on T*{Q x Q), not the 
flipped one w (— w), so a diffeomorphism (p : T*Q T*Q is symplectic if and 
only if the graph of the composition o is Lagrangian) . 
We assume that: 
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(HO) All the elements of 3^^{H) are non- degenerate, meaning that the submani- 
folds N*R and graph o 0^(1, •) intersect trans versally. 

Given x G ^^{H), we can conjugate the differential of the flow D^cf)^ {t,x{t)) by 
a symplectic trivialization of x*{TT*Q) and we obtain a path 

G* : [0,1] ^ Sp(2m), m:=dimg, 

of symplectic automorphisms of r*IR'", endowed with its standard symplectic 
structure. 

We assume that the symplectic trivialization ^' is vertical-preserving, meaning 
that it maps the vertical subbundle T'"T*M :— kerDyr into the vertical space 
iV*(0) = (0) X (R")* C r*IR'", and has the property that the following linear 
subspace of r*R™ x T*R™ = r*R2™^ 

(vI/(0) X (l)WC^a;(l)))T(,(o),^,(i))iV*i?, 

is the conormal space N*W^ of some linear subspace C R™ x R™, where C is 
the anti-symplectic involution of T*R™ which maps {q,p) into {q^—p). Then the 
Maslov index of x with respect to the nonlocal boundary condition induced by R is 
defined as 

^R{x) :=^(graphG*C,7V*l¥*) + i(dimi?-dimQ), (3.5) 

where n denotes the relative Maslov index of two paths of Lagrangian subspaces of 
j.*ip2m^ in the sense of |RS93j (see also Section [STT] for sign conventions). The fact 
that x is non-degenerate implies that /i^(x) is an integer, and the assumptions on 
the trivialization \1/ imply that this integer does not depend on the choice of ^' (see 
Proposition 3.3 in [APSOSj ). The normalizing constant in the definition above is 
chosen in such a way that, when H is the Fenchel dual of a Lagrangian L, fJ,^{x) 
coincides with the Morse index of the corresponding solution of the Euler-Lagrange 
equation associated to L (see Section |4T|) . 

The elements of 3^^{H) are the critical points of the Hamiltonian action func- 
tional 

Ah{x)^ [ x*{ri-Hdt)^[ {p{t)[q'{t)]~H{t,q{t),p{t)))dt, 
J[o,i] Jo 

on the space of curves x : [0, 1] — > T*Q which satisfy (|3.4p . Indeed, the differential 
of Ah on the space of free paths on T*Q is 

DAH{xm = f uj{c,x' - XH{t,x))dt+Tj{x{im{i)]-Tj{x{omm, (3.6) 

Jo 

and the boundary term vanishes when x satisfies p.4|) and the variation ( satisfies 

(C(o), W(x(i))[c(i)]) € r(.(o)x.(i))iv*i?, 

because the Liouville form is zero on conormal bundles. The non-degeneracy 
assumption, together with conditions (HI) and (H2), imply that the set of a; G 
^^{H) with Ah{x) < a is finite, for every A e R. Indeed, this follows immediately 
from the following general: 
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3.1 Lemma. Let H e C°°([0, 1] x T*Q) he a Hamiltonian satisfying (HI) and 
(H2). For every A £ 'R there exists a compact subset K C T*Q such that each 
orbit X : [0, 1] T*Q of Xh with Ah{x) < A lies in K. 

Proof. Let X = {q,p) be an orbit of Xh such that Anix) < A. Since x is an orbit 
of Xh, by 

r]{x)[x'] -H{t,x) ^uj{Y{x),XHit,x)) -H{t,x) = DH{t,x)[Y{x)] -~H{t,x). 

Therefore (HI) imphes that \p\ is uniformly bounded in i^([0, 1]). By (|3.2p . |a;'| is 
uniformly bounded in _L^([0, 1]). Therefore x is uniformly bounded in VF^'^, hence 
in L°°. □ 

3.2 Remark. Assume that the flow generated by a Hamiltonian H S C°°([0, 1] x 
T*Q) is globally defined (for instance, this holds if H is coercive and \dtH\ < 
c{\H\ + 1) j. Then the conclusion of Lemma \3.1\ holds assuming just that the func- 
tion DH\Y\ — H is coercive (a much weaker assumption than (HI), still implying 
that H is coercive), without any upper bound such as (H2). 

Let us fix a Riemannian metric (•, •) on Q. This metric induces metrics on TQ 
and on T*Q, both denoted by (•, •). It induces also an identification T*Q = TQ, 
horizontal-vertical splittings of both TTQ and TT*Q, and a particular almost 
complex structure J on T*M, namely the one which in the horizontal- vertical 
splitting takes the form 

■'^ (;-;)■ 

This almost complex structure is w-compatible, meaning that 

i^f]) ^Lo{J^,Tj), y^,r,eT^T*Q, yxeT*Q. 

Notice that our sign convention here differs from the one used in [AS06bj . The 
reason is that here we prefer to see the leading term in the Floer equation as a 
Cauchy-Riemann operator, and not as an anti-Cauchy-Riemann operator. 

The L^-negative gradient equation for the Hamiltonian action functional Ah 
is the Floer equation 

djM{u) := dsu + Jiu)[dtu - XHit,u)] = 0, (3.8) 

for u — u{s,t), {s,t) e IR X [0,1]. A generic choice of the Hamiltonian H makes 
the following space of solutions of the Floer equation ()3.8|) with nonlocal conormal 
boundary conditions defined by R, 

^Q{x,y) =|u e C°°(R X [0,1], r*Q) | {u{s,Q),'^u{s,l)) G N*R\ls e R, 
dj,H{u) = 0, and lim u{s,t) — x{t), lim u{s,t) ~ y{t) \ 

' s — * — oo s — *+oo J 

a manifold of dimension ijl^{x) — fi^{y), for every x,y £ ,^^{H). Here generic 
means for a countable intersection of open and dense subsets of the space of smooth 
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time-dependent Hamiltonians satisfying (HO), (HI), and (H2), with respect to 
suitable topologies (we refer to [FHS96| for transversality issues). In particular, 
the perturbation of a given Hamiltonian H satisfying (HO), (HI), (H2) can be 
chosen in such a way that the discrete set £P^{H) is unaffected. 

3.3 Remark. As it is well-known, transversality can also be achieved for a fixed 
Hamiltonian by perturbing the almost complex structure J in a time- dependent 
way. In order to have good compactness properties for the spaces one needs 

the perturbed almost complex structure Ji to be C'^ -close enough to the metric 
one J defined by Jg. 7[ ) (see \AS06b[ Theorem 1.1 4])- Other compactness issues 
in this paper would impose further restrictions on the distance between Ji and J. 
For this reason here we prefer to work with the fixed almost complex structure J , 
and to achieve transversality by perturbing the Hamiltonian. A different approach 
would be to choose almost complex structures on T*Q which are of contact type 
on T*Q \ Q, seen as the symplectization of the unit cotangent sphere bundle (see 
e.g. ]Vit96 l). In this case, compactness of the spaces .M^ follows from the maxi- 
mum principle, but one needs more restrictive assumptions on the behavior of the 
Hamiltonian H for \p\ large. 

The manifolds ^^'{x, y) can be oriented in a coherent way. Assumptions (HI) 
and (H2) imply that these manifolds have nice compactifications. In particular, 
when ^^'{x)—^^{y) = 1, ^g^{x, y) consists of finitely many one-parameter families 
of solutions (T i-^ ii(- + cr, •), each of which comes with a sign ±1, depending whether 
its orientation agrees or not with the orientation determined by letting a increase. 
The algebraic sum of these numbers is an integer ng{x, y). If we let F^{H) denote 
the free Abelian group generated by the elements x G 0^^{H) of index fi^{x) — k, 
the above coefficients define the homomorphism 

d:F^{H)^Fti{H), x^ ^ ne{x,y)y, 

/i«(y)=/c-l 

which turns out to be a boundary operator. The resulting chain complex F^{H) 
is the Floer complex associated to the Hamiltonian H and to the nonlocal conormal 
boundary conditions defined by R. If we change the metric on Q - hence the almost 
complex structure J - and the orientation data, the Floer complex F^{H) changes 
by an isomorphism. If we change the Hamiltonian H, the new Floer complex is 
homotopically equivalent to the old one. In particular, the homology of the Floer 
complex does not depend on the metric, on H, and on the orientation data. This 
fact allows us to denote this graded Abehan group as HF^{T*Q), and to call it 
the Floer homology ofT*Q with nonlocal conormal boundary conditions defined by 
R. 

As in Section |2.H here we are interested in the following three boundary con- 
ditions. 

Periodic boundary conditions. Here Q = M is closed and oriented, and 
R — A]\j is the diagonal in M x M. Under the extra assumption that H extends 
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as a smooth 1-periodic function on IR x TM, the set (U) is precisely the set 

of 1-periodic solutions of the Hamiltonian equation (|3.3p . We also use the notation 
^^{H) := ^^"{H). The non-degeneracy condition (HO) is just: 

(HO)^ For every a; € ^^(i?), the number 1 is not an eigenvalue of a;(0)) : 

The Maslov index fi^^'' (x) coincides with the Conley-Zehnder index of the periodic 
orbit X, that we denote also by iJ,^{x) (notice that the normalizing constant in (j3.5p 
vanishes). In the definition of such an index, one can choose the trivialization of 
x*{TT*AI) to be any 1-periodic symplectic vertical-preserving trivialization. If 
M is not orientable and the closed curve x is orientation-reversing, there are no 
1-periodic and vertical-preserving trivializations of x* (TT* M), so one has either 
to give up the periodicity, as in definition p.Sp . or the preservation of the vertical 
subbundle, as in [Web02| . Floer homology with periodic boundary conditions 
is defined (with integer coefficients) also for non-orientable manifolds, but since 
in this paper we are interested in the loop product with integer coefficients, we 
assume orientability. The elements u of ./£'g{x,y) := {x,y) are actually 

smooth solutions of the Floer equation p.Sp on the cylinder, that is 

M : R X T ^ T*M. 

The corresponding Floer complex is also denoted by F^{H), and its homology by 
HF^{T*M). 

Dirichlet boundary conditions. Here Q ^ M and R consists of the single 
point {qo,qo), for some fixed qo € M. The set ^(10,90) ^jj'j jg precisely the set of 
solutions X : [0, 1] T*M of the Hamiltonian equation l\3.'3\i such that tt o x{0) = 
TT o x{l) = qo, and we denote such a set also by 3^^{H). The non-degeneracy 
condition is now: 

(HO)" For every x G ^^{H), the linear mapping D^cj)" (l^xij))) : T^(o)T*M 

Tx(i)T*M maps the vertical subspace T^f^Q^T*M at a:(0) into a subspace 
having intersection (0) with the vertical subspace T^i^^^T*M at x{l). 

The Maslov index (a;), that we denote also by /i"(x), is just the relative 

Maslov index of the path of Lagrangian subspaces D(j)^ {t, x{0))T^^gjT* M - trans- 
ported into T* R" by means of a vertical- preserving symplectic trivialization - with 
respect to the vertical space N*{0) = (0) x (R")*. The boundary condition for the 
elements u of ^|^(x,?/) :— ^g^" ''^"\x , y) is the local condition 

zi(s,0)eT;M, ?/(s, 1) e T;Af, VseR. 

The corresponding Floer complex is also denoted by (iJ ) , and its homology by 
HF^{T*M). 
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Figure-8 boundary conditions. Here Q = M x M and R = A\J is the fourth 

diagonal in M"^: 

A^^ :={iq,q,q,q)\qeM}. 

In this case, it is convenient (although not necessary) to chose H of the form 
H = Hi® H2, where 

Hi ® H, it, X) := Hiit, xi) + H.it, x.), ^1%%^^ , , 

SO that the elements of ,0^^m (iJ) arc the pairs of T*M- valued curves (xi, x-i) such 
that each Xj solves the Hamiltonian equation induced by i/j, and such that the 
coupling boundary conditions 

7roxi(0) = 770x2(0) =7roxi(l) =7r 0x2(1), Xi(l) - xi(0) + X2(l) - X2(0) = 0, 

hold. The set of (ifi ® H-^) is also denoted by ^®(Jfi ® H-i). The corre- 

sponding non-degeneracy condition is: 

(HO)® Every solution x = (xi,X2) G ^'^{H\ © H'2) is non-degenerate, meaning 
that the graph of the map '£ o •) is transverse to the submanifold 

iV*A^^ at the point (x(0), <^x(l)). 

If X = (xi , X2) e {Hi © H2), the Maslov index /x^m (x), that we denote simply 
by /x®(x), is the integer 

m'^(x) = M(graphG*C, A^^t.)) - |, (3.9) 

where the symplectic path G* : [0, 1] — ^ Sp(4n) is obtained by conjugating the 
differential of the flow (j)"^®^-^ along x by a trivialization * of x*{TT*M'^) of the 
form = © ^2, where each is the canonical vertical-preserving symplectic 
triviaUzation of Xj{TT*M) induced by a triviaUzation of (tt o Xj)*{TM) over the 

circle T. The boundary condition for the elements u of ^g{x,y) := " {x,y) 
is the nonlocal Lagrangian boundary condition 

(m(s,0),<^w(s,1)) € 7V*A^\ VseR. 

The corresponding Floer complex is also denoted by F^{H), and its homology by 

HF^{T*M). 

3.2 The Floer equation on triangles and pair-of-pants 

Additional algebraic structures on Floer homology are defined by extending the 
Floer equation to more general Riemann surfaces than the strip IR x [0, 1] and the 
cyUnder IR x T. 

Let (S, j) be a Riemann surface, possibly with boundary. For u G C°° (E, T*M) 
consider the nonlinear Cauchy- Riemann operator 

Dju = ^{Du + J{u) o Duo j), 
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that is the complex anti-linear part of Du with respect to the almost-complex 
structm'c J. The operator Dj is a section of the bundle over C°°(S],T*Af) whose 
fiber at u is n'^'^{'E,u* {TT* M)), the space of anti-linear one-forms on S taking 
values in the vector bundle u*{TT*M). If we choose a holomorphic coordinate 
z = s + it onYi, the operator Dj takes the form 

Dju = -{dgU + J{u)dtu) ds — -J{u){dsU + J{u)dtu) dt. (3.10) 

This expression shows that the leading term dj :— ds + J{-)dt in the Floer equation 
(|3.8p can be extended to arbitrary Riemann surfaces, at the only cost of considering 
an equation which does not take values on a space of tangent vector fields, but on 
a space of anti-linear one-forms. 

When E has a global coordinate z — s-\-it, as in the case of the strip IR x [0, 1] 
or of the cylinder IR x T, we can associate to the Hamiltonian term in the Floer 
equation the complex anti-linear one-form 

Fj^h{u) = -^{J{u)XH{t,u)ds + XH{t,u)dt) e n°^\j:,u* {TT* M)). (3.11) 

Formula (|3.10p shows that the Floer equation (|3.8p is equivalent to 

Dju + Fj^h{u)^0. (3.12) 

If we wish to use the formulation (|3.12p to extend the Floer equation to more 
general Riemann surfaces, we encounter the difhculty that - unlike Dj ~ the 
Hamiltonian term Fj^h is defined in terms of coordinates. 

One way to get around this difficulty is to consider Riemann surfaces with 
cylindrical or strip- like ends, each of which is endowed with some fixed holomorphic 
coordinate z = s-f it, to define the operator Fjji on such ends, and then to extend 
it to the whole S by considering a Hamiltonian Fl which also depends on s and 
vanishes far from the ends. In this way, only the Cauchy- Riemann operator acts in 
the region far from the ends. This approach is adopted in |Sch95[ [P55961 IMS04j . 

A drawback of this method is that one loses sharp energy identities relating 
some norm of u to the jump of the Hamiltonian action functional. Moreover, 
an s-dependent Hamiltonian which vanishes for some values of s cannot satisfy 
assumptions (HI) and (H2). These facts lead to problems with compactness when 
dealing ~ as we are here - with a non-compact symplectic manifold. 

Therefore, we shall use a different method to extend the Hamiltonian term 
Fj^H- We shall describe this construction in the case of the triangle and the pair- 
of-pants surface, although the same idea could be generalized to any Riemann 
surface. 

Let be the holomorphic triangle, that is the Riemann surface consisting of 
a closed triangle with the three vertices removed (equivalently, a closed disk with 
three boundary points removed). Let be the pair-of-pants Riemann surface, 
that is the sphere with three points removed. 

The Riemann surface can be described as a strip with a slit: One takes the 
disjoint union 

R X [-1,0] U IR X [0, 1] 
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Figure 1: The strip with a slit E: 




Figure 2: The pair-of-pants S^- 

and identifies (s,0~) with (s,0+) for every s > 0. See Figure [TJ The resulting 
object is indeed a Riemann surface with interior 

Int(S]T) = (Rx] - 1, 1[) \ (] - oo, 0] X {0}) 

endowed with the complex structure of a subset of = C, {s,t) i-^ s + it, and 
three boundary components 

Rx{-1}, Rx{l}, ] - 00,0] X {0-,0+}. 

The complex structure at each boundary point other than = (0, 0) is induced by 
the inclusion in C, whereas a holomorphic coordinate at is given by the map 

{CGC|ReC>0, |CI<1}^S?, C^C', (3.13) 

which maps the boundary line {Re C = 0: ICI < 1} ij^ito the portion of the boundary 
]-l,0] X {0-,0+}. ^ 

Similarly, the pair-of-pants can be described as the following quotient of 
a strip with a slit: In the disjoint union R x [—1,0] U R x [0,1] we consider the 
identifications 

{s,-l)-{s,0-) (.,0-)^(.,0+) 
(s,0+)^(.,l) io^^^"' (.,-l)^(.,l) tor^>U- 

See Figure H 
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This object is a Riemann surface without boundary, by considering the stan- 
dard complex structure at every point other than (0, 0) ~ (0, —1) ~ (0, 1), and by 
choosing the holomorphic coordinate 

( e ifReC>0, 
CeC| Id <l/\/2^E^, C^{e+i ifRcC<0, IniC>0, (3.14) 

[ -i if ReC < 0, IniC < 0, 

at this point. 

The advantage of these representations is that now and are endowed 
with a global coordinate z = s + it, which is holomorphic everywhere except at 
the point (0, 0) (identified with (0, —1) and (0, 1) in the A case). We refer to such 
a point as the singular point: it is a regular point for the complex structure of 
or E^j but it is singular for the global coordinate z = s + it. In fact, the canonical 
map 

E^ ^ R X T, (s,i) (s,i), 

is a 2 : 1 branched covering of the cylinder. 

Let H e C°°([-l,l] X T*M). If u G C°°(S?,r*M), the complex anti-linear 
one-form Fj^h{u) is everywhere defined by equation (|3.1ip . We just need to check 
the regularity of Fj^h{u) at the singular point. Writing Fj^h{u) in terms of the 
holomorphic coordinate = a + ir hy means of (I3.13P , we find 

Fjm{u) = {tI - (Tj{u))XH{2aT, u) da + {al + r J(u))Xff (2crT, u) dr. 

Therefore, Fj,h{u) is smooth, and actually it vanishes at the singular point. 

Assume now that H e C°°(IR/2Z x T*M) is such that H{-1, •) = H{0, •) = 
H{1, •) with all the time derivatives. If m S C°°(S^, T*M), (f3lT|) defines a smooth 
complex anti-linear one-form Fj^h{u) € VP'^{Y.^,u*{TT* M)). 

A map u in C°°{T,^,T*M) or in C°°{E^,T*M) solves equation ((31^ if and 
only if it solves the equation 

djM{u) = dsU + J{u){dtu - XH{t,u)) = 

on Int(I]T)- If u solves the above equation on [so;Si] x [to,ti]^ formula (|3.6p 
together with an integration by parts leads to the identity 

J So J to 

+ / {r]{u{s,ti))[dsu{s,ti)] - ri{u{s,to j)[dsu{s,to)]) ds, 

J So 

where i^jf{x) denotes the Hamiltonian action of the path x on the interval /. We 
conclude that a solution u of (|3.12[) on or on - in the latter case with values 
in T*^M on the boundary - satisfies the sharp energy identity 

/ \dsu{s,t)\'^ dsdt 

JT.rn{\s\<so} (3.15) 

= a[^^'°1(u(-so, •)) + Ag'^l(7.(-so, •)) - a[^^'^1(u(so, •)). 
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3.3 The triangle and the pair-of-pants products 

Given Hi,H2 G C°^([0, 1] x T*M) such that = i?2(0,-) with all time 

derivatives, we define i?i#i?2 € C°°([0, 1] x T*M) by 

^ff r/ ~ / for0<t<l/2, 

Let us assume that Hi, H2, and Hi^H2 satisfy (HO)^^ The triangle product on 
HF^{T*M) will be induced by a chain map 

In the periodic case, we consider Hamiltonians Hi, H2 G C°°(T x T*M) such that 
-ffi(0, •) = H2{0,-) with all time derivatives. Assuming that Hi, H2, and Hi^H2 
satisfy (HO)'^, the pair-of-pants product on H {T* M) will be induced by a chain 
map 

: F/^iHi) ® Ft{H2) ^ F,f+,._„(ifi#if2), 
where n is the dimension of M . 

Let H G C°°([-l, 1] X T*M), respectively H G C°°(R/2Z x T*M), be defined 

by 

i/(t,.) = -Mi/2((t+i)/2,x) = | ifo<r<i: (^-^^^ 

Notice that x : [—1,1] — > r*M is an orbit of Xh if and only if the curve t ^ 
x{{t + l)/2) is an orbit of Xhi#H2- 

Given xi G ,9'^\Hi), X2 G ^"(^2), and y G ^'^^(i/i#i/2), consider the 
following space of solutions of the Floer equation dj^niu) = on the holomorphic 
triangle: 

^^{xi,x2;y) := [u G c°°(E?, r*M) 1 (u) = 0, G t;„m Vz g as?, 

lim u(s, t — 1) = lim u{s,t) — X2{t), lim u(s, 2t — 1) = >. 

Similarly, for xi G ^"^(i/i), X2 G ,^^{H2), and y G 3^^{Hijf^H2), we consider 
the following space of solutions of the Floer equation on the pair-of-pants surface: 

J(^{xi,X2;y) ■■= {ueC°°(i:^,T*M) dj.H{u)^0, lim u{s,t - I) = xi{t), 

lim u{s,t) = X2{t), lim u{s,2t — 1) — y{t)\ . 

s — > — 00 s — >+oo J 

The following result is proved in Section fS.lOl 

3.4 Proposition. For a generic choice of Hi and H2 as above, the sets ^^{xi, X2', y) 
and ^y{xi, X2', y) - if non-empty ~ are manifolds of dimension 

Avtn^^{xi,X2\y) = ^J'^{xl) -f ^J!^{x2) ~ ^"(y), 
dim^x(2;i,2:2;y) = IJ.^{xi) + fJ-^{x2) - ^J.^{y) - n. 
These manifolds carry coherent orientations. 
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The energy identity (|3.15p implies that every map u in ^y{xi,X2',y) or in 
{xi,X2;y) satisfies 

/ \dsu{s,t)fdsdt = AHAxi) + ^H2{x2)-AH,ifH2iy)- (3.18) 

As a consequence, we obtain the following compactness result, which is proved in 
Section Em 

3.5 Proposition. Assume that the Hamiltonians Hi and H2 satisfy (HI), (H2). 
Then the spaces ^^(x\,X2 \ y) and ^^{xi^ X2] y) are pre-compact in C^^. 

When iJp{y) = ^^(xi) + /i^^(x2), (xi, X2; y) is a finite set of oriented points, 
and we denote by n^{xi,X2',y) the algebraic sum of the corresponding orientation 
signs. Similarly, when fi^{y) = ^^(xi) + fi^{x2) — n, .^^{xi,X2]y) is a finite 
set of oriented points, and we denote by n^ixi, X2',y) the algebraic sum of the 
corresponding orientation signs. These integers are the coefficients of the homo- 
morphisms 

-.F^iHi) ® F^{H2) ^ ^^,lVfe(Fi#F2), 
xi(E)X2t-^ ^ n^{xi,X2;y)y, 

® F^{H2) ^ F,^^,_JH,#H2), 
xi(g)X2'-^ ^ n^{xi,x2;y)y. 

ye5^^(Hi#-f/2) 
fj.'^(y)=h+k-n 

A standard gluing argument shows that the homomorphisms T^^ and T'^ are chain 
maps. Therefore, they define products 

i/,T" : HF^{T*M) (g) HF^{T*M) ^ HF^_^i,{T* M), 
H,T^ : HFt{T*M) ® HF^{T*M) ^ HFt+k-n{T* M), 

in homology. Again by gluing arguments, it could be shown that these products 
have a unit element, are associative, and the second one is commutative. These 
facts will actually follow from the fact that these products correspond to the 
Pontrjagin and the loop products on H^,{il{M, qo)) and H^,{A{M)). 

3.4 Factorization of the pair-of-pants product 

Let Hi,H2 e C°°(T x T*M) be two Hamiltonians satisfying (HO)^, (HI), and 
(H2). We assume that Hi(Q,-) — H2{0,-) with all time derivatives, so that the 
Hamihonian i/i#i?2 defined in ((XTC)) also belongs to C°°{J xT*M). We assume 
that Hi#H2 satisfies (HO)'^, while Hi®H2 satisfies (HO)'^. The aim of this section 
is to construct two chain maps 

E : F^{H,) ® F^{H2) ^ F^_^^_M © H2), 
G : F^{H, e H2) ^ Ft[H^#H2), 
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such that the composition Go E is chain homotopic to the pair-of-pants chain map 

The homomorphisms E is defined by counting solutions of the Floer equation 
on the Riemann surface T,e which is the disjoint union of two closed disks with 
an inner and a boundary point removed. The homomorphism G is defined by 
counting solutions of the Floer equation on the Riemann surface Eg obtained by 
removing one inner point and two boundary points from the closed disk. Again, 
we find it useful to represent these Riemann surfaces as suitable quotients of strips 
with slits. 




Figure 3: A component of Sb: the cylinder with a slit. 

The surface 'Se can be described starting from the disjoint union of two strips, 

R X [-1,0] U R X [0,1], 

by making the following identifications: 

(s,-l) - (s,0"), (s,0+)-(s,l) fors<0. 

The complex structure of is constructed by considering the holomorphic coor- 
dinate 

{CeC|ImC>0, |C|<l/x/2}^E£;, C-{ ^2^' if^'^lo; (3.19) 

at (0, —1) ~ (0, 0~), and the holomorphic coordinate 

{CeC|ImC>0, |C|<l/x/2}^S^,, C-{ ^2^' if^^^lo; (3.20) 

at (0,0+) ~ (0,1). The resulting object is a Riemann surface consisting of two 
disjoint components, each of which is a cylinder with a slit: each component has 
one cylindrical end (on the left-hand side), one strip-like end and one boundary 
line (on the right-hand side) . See Figure [3] The global holomorphic coordinate 
z = s + it has two singular points, at (0, 0^) ~ (0, —1) and at (0, 0"*") ^ (0, 1). 



35 



The Riemann surface Eg is obtained from the disjoint union of two strips 
IR X [— 1, 0] U IR X [0,1] by making the identifications: 



(s,-l)~(s,l) 

A holomorphic coordinate at (0, 0) is the one given by (|3.13p . and a holomorphic 
coordinate at (0,-1) ^ (0, 1) is: 

{CeC|ReC>0, |CI<1}-Sg, C-{^2;^ ![|mC<o! ^^'^^^ 

We obtain a Riemann surface with two boundary Unes and two strip-hke ends (on 
the left-hand side), and a cylindrical end (on the right-hand side). The global 
holomorphic coordinate z = s + it has two singular points, at (0,0), and at 
(0,-1)^(0,1). 

Let H e C°°(R/2Z x T*M) be defined by KTTl . Given xi G ^^(Hi), X2 G 
^^{H2), V = (2/i,?/2) G ^^(ffi e H2), and z G ^^(i?i#iJ2), we consider the 
following spaces of maps. The set ^E(xi,X2',y) is the space of solutions u G 
C°°(EB,T*Af) of the Floer equation 

djM{u) = 0, 

satisfying the boundary conditions 



Vs > 0, 



7rou(s,— l)=7ro it(s, )=7roM(s,0+)=7row(s,l), 
it(s, 0") - u(s, u(s, 1) - m(s, 0+) = 0, 

and the asymptotic conditions 

lim w(s, t — 1) = xi(i), lim u{s,t) = X2{t), 

s — ^ — 00 s — y — oo 

lim u{s,t - I) = yi{t), lim u{s , t) = y2{t) . 

s — >+oo s — >+oo 

The set ^civ, z) is the set of solutions u G C°°(Sg, T*M) of the same equation, 
the same boundary conditions but for s < 0, and the asymptotic conditions 

lim it(s, < — 1) = j/i(t), lim u{s,t) — y2{t), lim u{s,2t — \) — z{t). 

s — > — 00 s — * — 00 s — y+00 

The following result is proved in Section fS.lOl 

3.6 Proposition. For a generic choice of Hi and H2, the spaces ^E{xi,X2]y) 
and ^(3(2/, z) - if non-empty - are manifolds of dimension 

diin.^E{xi,X2;y) = n^{xi)+^i^{x2)-n'^^{y)-n, dmi^G{y,z) = ^j,'^^ (y)- n^{z). 
These manifolds carry coherent orientations. 
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The energy identities are now 

/ \dsu[s,t)\^dsdt^kHAxi) + AHAx2)~i\H^®H2{y), (3.22) 

for every u g ^e{xi,X2] y), and 

/ \dsu{s,t)\'^ dsdt ^ kHi®H2{y) ~ Ahi#hAz), (3.23) 

for every u € ^ciyiz). As usual, they imply the following compactness result 
(proved in Section [Qjl . 

3.7 Proposition. Assume that iJi,i?2 satisfy (HI), (H2). Then the spaces 
^e{xi, X2;y) and ^ciy^z) are pre-compact in C^^. 

When ijP{y) = H^{xi) + fi^{x2) — n, ^E{xi,X2;y) is a finite set of oriented 
points, and we denote by nE{xi,X2',y) the algebraic sum of the corresponding 
orientation signs. Similarly, when n^{z) — n^{y), ^G{y,z) is a finite set of 
oriented points, and we denote by nQ{y, z) the algebraic sum of the corresponding 
orientation signs. These integers are the coefficients of the homomorphisms 

E -.FtiH^) ® Ft{H2) ^ F«+,._„(iJi e H2), 
xi®X2^ ^ nE{xi,x2;y)y, 

l^fi (y)=h+k-n 

G -.F^iH^ e H2) ^ Ft{H^#H2), 
y^ X! nG{y,z)z. 

z€£y''^(Hi#H2) 

A standard gluing argument shows that these homomorphisms are chain maps. 
The main result of this section states that the pair-of-pants product on T*M 
factors through the Floer homology of figure-8 loops. More precisely, the following 
chain level result holds: 

3.8 Theorem. The chain maps 

T^, GoE:{F\H,)^F\H2)), = if (i/i) ® F/^{H2) 

j+h=k 

^ Pk-niHl#H2) 

are chain homotopic. 

In order to prove the above theorem, we must construct a homomorphism 

P^E ■■ (F'^iHi) ® F'^iH2)), -> Ftn+iiH^#H2\ 
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such that 

for every a G F^{Hi) and /3 G F^(H2)- The chain homotopy Pq^ is defined by 
counting solutions of the Floer equation on a one-parameter family of Riemann 
surfaces with boundary Sq^(q;), a g]0, +oo[, obtained by removing an open disks 
from the pair-of-pants. 

More precisely, given a g]0, +oo[, we define I]^^(q;) as the quotient of the 
disjoint union IR x [— 1, 0] U IR x [0, 1] under the identifications 

if.<0, ll^'ri^Hl. if.>a. 



(s,0+)~(s,l) \ (s,0-)~(s,0+) 

This object is a Riemann surface with boundary, with the holomorphic coordi- 
nates (1233) and (jX^ at (0,-1) - (0,0~) and at (0,0+) ~ (0,1), and with 
the holomorphic coordinates p.l3p and (|3.2ip (translated by a) at (a,0) and at 
(a,— 1) ~ (Q!, 1). The resulting object is a Riemann surface with three cylin- 
drical ends and one boundary circle. Given xi G 3^^{Hi), X2 G ^^{H2), and 
z G ^^{Hi^H2), we define ^q^{xi,X2; z) to be the space of pairs {a,u), with 
a > and u G C°° {i:'^E{a),T* M) the solution of 

d,j,H{u) = 0, 

with boundary conditions 

TT O u(s, — 1) = TT O u(s, 0^) = TT O m(s, 0+) = TT O u(s, 1), ^ r , 

u{s, 0-) - u{s,-l) + u{s, 1) - u(s, 0+) = 0, ^ ' 

and asymptotic conditions 

lim u{s,t ~ I) — xi{t), lim u{s,t) — X2{t), lim u{s,2t ~ 1) — z{t). 

s — > — oo s — ^ — oo s — >-\-oo 

The following result is proved in Section [STlOl 

3.9 Proposition. For a generic choice of Hi and H2, ^q^{xi,X2', z) - if non- 
empty - is a manifold of dimension 



dim^Q^{xi, X2', z) — fi^{xi) + 11^ {X2) — fi^{z) ~ n + I. 



The projection {a,u) 1— > a is smooth on ^q^{xi,X2\ z). These manifolds carry 
coherent orientations. 

Energy estimates, together with (HI) and (H2), again imply compactness. 
When n^{z) = n^{xi) + fJ,^{x2) — n -I- 1, ^q^{xi,X2; z) is a finite set of ori- 
ented points. Denoting by nQ^{xi,X2] z) the algebraic sum of the corresponding 
orientation signs, we define the homomorphism 

P^E --FhiHi) ® F^{H2) ^ F,\,,_„+i(i7i#i72), 

Xi(^X2'-^ ^ nQE{xi,X2; z) z. 

z£.9>''(Hi#H2) 
^L'^{z)=h+k-n+l 
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Then Theorem 13.81 is a consequence of the following: 

3.10 Proposition. The homomorphism Pq^ is a chain homotopy between 
and G o E . 



The proof of the above result is contained in Section 
3.5 The homomorphisms C, Ev, and Ii 

In this section we define the Floer homological counterparts of the the homomor- 
phisms 

c* : Hk{M) ^ Hk{k{M)), ev, : Hk{A{M)) ^ -fffc(M), 
U : Hk{A{M)) ^ Hk-nmM,qa)). 

These are the homomorphism which will appear in the Floer homological counter- 
part of diagram (jl.ip . The reader who is interested only in Theorems A and B of 
the Introduction may skip this section. 

The homomorphisms C and Ev. Let / be a smooth Morse function on M, 
and assume that the vector field — grad/ satisfies the Morse-Smale condition. Let 
H €C°°{Jx T*M) be a Hamihonian which satisfies (HO)'^, (HI), (H2). We shall 
define two chain maps 

C : Mfe (/) ^ Fk (H) , Ev : FkiH) ^ Mkif). 

Given x e crit(/) and y e ^^{H), consider the following spaces of maps 

^cix,y) = jiiG C°°([0,+oo[xT,T*M) = 0, 

TT ou{0,t) = q eW''{x)yt eJ, lim u{s,t) = y{t)\, 

and 

^Ev(2/,a;) = {m e C°°{]-oo,0] x J,T*M) dj^H{u)=0, u{0,t) e Om Vt G T, 

u{0,0) eW%x), lim u{s,t) ^y{t)\, 

s — ► — oo J 

where (Dj\/ denotes the image of the zero section in T* M . The following result is 
proved in Section fS. 101 

3.11 Proposition. For a generic choice of H and f, ^ci^iV) o,''^d ^ev(j/j2;) 
are manifolds with 

dim^c(a;, y) = iix) - dim^Ev(2/, x) = tJ-^{y) - i{x). 

These manifolds carry coherent orientations. 
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If u belongs to ^c{x,y) or ^Ev{y,x), the fact that ^(0, •) takes value either 
on the fiber of some point q E M or on the zero section of T*M implies that 

Aff(w(0,-)) = - / H{t,u{0,t))dt. 
Jo 

Therefore, we have the energy estimates 

/ \dsu{s,t)\'^ dsdt < -minH - AH{y), 

J[0,+co[xJ 

for every u e ^q{x, y), and 

\dsu{s,t)\^dsdt<AH{y) + max H{t,q,0), 

]-oo,0]xT (t,g)eTxAf 

for every u G ^Eviy,x). These energy estimates allow to prove the following 
compactness result: 

3.12 Proposition. The spaces ^cix^y) and ^Eviy^x) are pre-compact in 
C{^^{[0, +oo[xT, T*M) and C^^^Q - oo, 0] x T, T*M). 

When fj,^{y) = i{x), ^c{x,y) and ^Ev{y,x) consist of finitely many oriented 
points. The algebraic sums of these orientation signs, denoted by ncix,y) and 
n-Ev{y,x), define the homomorphisms 

C : Mfe(/) -> Ffe^(iJ), J2 Mx,y)y, 

Ev : Ffc^(iJ) ^ A/fe(/), y^ ^ 7iMy.x)x. 

i{x)—k 

A standard gluing argument shows that C and Ev are chain maps. The induced 
homomorphisms in homology are denoted by C* and Ev* . 

The homomorphism Ii. Let E/, be a cylinder with a slit. More precisely, E/, 
is obtained from the strip IR x [0, 1] by the identifications (s,0) ^ {s, 1) for every 
s < 0. At the point (0, 0) ~ (0, 1) we have the holomorphic coordinate 



{CGC|ReC>0, Id <1/a/2}^E/,, 



ifImC>0, 
C^+i ifImC<0. 

It is a Riemann surface with one cylindrical end (on the left-hand side), one strip- 
like end, and one boundary line (on the right-hand side). It is the copy of one 
component of E^, see Figure [31 

Consider now a Hamiltonian H e C°"(T x T*M) which satisfies (HO)^, (HO)", 
(HI), (H2). We also assume the condition: 

X e ^^{H) =^ x{0) i T^M. (3.25) 
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Given x G i^^{H) and y G ^^{H), we introduce the space of maps 

^i,ix,y) = |it G C°°(I]/,,r*M) djM{u) = 0, u(s,0) G T^^M and 
w(s,l) G T* MVs > 0, lim u(s, = a;(t), lim u{s,t) = y{t)\ . 

The following result is proved in Section fS. 101 

3.13 Proposition. For a generic H satisfying iS. 25]) . the space (x, y) is a 
manifold, with 

dim./#/, (a;, y) = fJ-^ix) — f-^^{y) ~ n. 
These manifolds carry coherent orientations. 

The following compactness statement follows from the general discussion of 
Section 16.11 



3.14 Proposition. The space ^i,{x,y) is pre-compact in C{^^{^i,,T* M). 

When iJ,^^{y) — iJ.^{x) — n, the space ^i, {x,y) consists of finitely many oriented 
points. The algebraic sum of these orientations is denoted by n/, (x, y), and defines 
the homomorphism 

I,:Ft{H)~.Ftn{H), E ^i'.{x^y)y- 

P-^iv)=k-n 

A standard gluing argument shows that I\ is a chain map. The induced map in 
homology is denoted by the same symbol. 



4 Isomorphisms between Morse and Floer com- 
plexes 

4.1 The chain complex isomorphism 

Let Q be a closed manifold and let i? be a closed submanifold oi Q x Q, as 
in Sections 12.11 and 13.11 The aim of this section is to recall the construction of 
an isomorphism between HF^{T*Q), the Floer homology of T*Q with nonlocal 
conormal boundary conditions defined by R (see Section 13. ip , and the singular 
homology of the path space 

PniQ) {7 G C'iiO, 1], Q) I (7(0), 7(1)) e R} ■ 

The existence of such an isomorphism was first proved by C. Viterbo in [Vit96| . 
in the case of periodic boundary conditions (that is, when R is the diagonal in 
Q X Q). A different proof is due to D. Salamon and J. Weber, see [SW06| . Here 
we adopt a third approach, which we have introduced in [AS06bj for periodic and 
Dirichlet boundary conditions, and later extended to arbitrary nonlocal conormal 



41 



boundary conditions with A. Portaluri in |APS08| . See also [Web05| for a nice 
exposition comparing the three approaches. 

The strategy is to choose the Hamiltonian H e C°°([0, 1] x T*Q) to be the 
Fenchel dual of a Lagrangian L € C°°([0, 1] x TQ), and to work at the chain level, 
by constructing a chain isomorphism 



from the Morse complex of the Lagrangian action functional introduced in 
Section 12.11 to the Floer complex of H . More precisely, we assume that the La- 
grangian L satisfies the assumptions (LI) and (L2) and that all the solutions 7 
in ^^(L) are non-degenerate. It follows that the Fenchel dual Hamiltonian H, 
which is defined by 



is smooth and satisfies (HO), (HI) and (H2). If v{t,q,p) £ TgM is the (unique) 
vector where the above maximum is achieved, the map 



is a diffeomorphism, called the Legendre transform associated to the Lagrangian 
L. There is a one-to-one correspondence x t: o x between the orbits of the 
Hamiltonian vector field Xh and the solutions of the Euler-Lagrange equation 
(|2.ip associated to L, such that {t, tt o x{t), (tt o a:)'(i)) is the Legendre transform 
of {t, x{t)). Therefore, x belongs to iP^{H) if and only if tto x belongs to ^^{L), 
and the fact that tt o x is non-degenerate is equivalent to the fact that x is non- 
degenerate. Therefore, both the Morse complex M*(S|^) and the Floer complex 
Ff {H) are well-defined. The existence of the isomorphism (j4.ip implies that the 
Floer homology HF^{T*Q) is isomorphic to the singular homology oiPQ{R), just 
because the Morse homology 7JM*(S£) of the functional is isomorphic to the 
singular homology of its domain Wj^] ([0,1], (5)7 and because the latter space is 
homotopically equivalent to Pq{R). 

Clearly, the identification between generators 3^^{H) £P^{L), x 1-^ tt o x, 
need not produce a chain map, because the definitions of the boundary operator in 
the two complexes have little in common. The construction of the isomorphism 
is based instead on counting solutions of a hybrid problem, that we now describe. 

Given 7 e ^^{L) and x £ ^^{H), we denote by ^^(7, x) the space of maps 
u : [0, -|-oo[x [0, 1] ^ T*Q which solve the Floer equation 



$f :M*(Sf ) ^Ff(i/) 



(4.1) 



H{t,q,p) := max ({p,v) -L{t,q,v 



')) 



[0, 1] X T*M ^ [0, 1] X TAf, {t, q,p) ^ {t, q, v{t, q,p)), 



(4.2) 



together with the asymptotic condition 



s — ^+00 



lim u{s, t) 



x{t), 



(4.3) 



and the boundary conditions 



(u(s,0),'^u(s,l)) e iV*i?, Vs>0, TTou{0,-) eW"{j), 
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where ^^"(7) C Wfl'^([0, 1],Q) denotes the unstable manifold of 7 with respect 
to the pseudo-gradient vector field X for S|* used in the definition of the Morse 
complex of S|^. For a generic choice of L and of the pseudo-gradient X, these 
spaces of maps are manifolds of dimension 

dim^J^(7, x) = ^(7; ) - //^(x), 

where 1(7; Sf ) denotes the Morse index of 7, seen as a critical point of Sf , and 
IJ,^{x) is the Maslov index of x defined in ()3.5p . The fact that H is the Fenchel 
dual of L immediately implies the following important inequality between the 
Hamiltonian and the Lagrangian action functionals: 

Ah(x) <SL(vrox), VxG [0,1], T*Q), (4.4) 

with the equality holding if and only if a; is related to {nox, (ttox)') by the Legendre 
transform. In particular, the equality holds if x is an orbit of the Hamiltonian 
vector field Xh- The inequality (|4.4p provides us with the energy estimates which 
allow to prove suitable compactness properties for the spaces ^^{j,x). When 
H^{x) = 1(7; S|^), the space ^^{'-f,x) consists of finitely many oriented points, 
which add up to the integers 71^(7, x). These integers are the coefficients of the 
homomorphism 

<i>f:A/4(Sf)^^^,^(i/,J), 7-^ E 4(7,^)^, 

which can be shown to be a chain map. The inequality (|4.4p implies that n^(7, x) = 
if A// (x) > 5^(7) and 7 ^ tt o a;, while n§(7, x) — ±1 if 7 = tt o a;. These facts 
imply that is an isomorphism. 

As in Sections 12.11 and 13.11 we are interested in the boundary conditions given 
by the following choices for R: Periodic {Q = M and R = Am), Dirichlet {Q = M 
and R= {qo, go)), Figure-8 {Q — MxM, R — A^^'). We denote the corresponding 
isomorphisms also by the symbols 

1^ J_j ^ 1j }_, 1^ J_J 

4.2 A chain level proof of Theorem B 

Theorem B of the Introduction says that if M is a closed manifold and qq <E M, 
then there is a graded ring isomorphism 

H^{fl{M,qo)) ^ HF^{T*M) 

where the first graded group is endowed with the Pontrjagin product # (see Section 
II. ip . and the second one with the triangle product (see Section [575)) . By the 
results of Section [^?51 the Pontrjagin product # can be read on the Morse complex 
of the Lagrangian action functional with Dirichlet boundary conditions as the chain 
map 

M# : M,(S2J ® M,(S2J ^ A/,+fc(Sg^#iJ, 
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defined in ProDOsition r2.2l Therefore, Theorem B is imphed by the following chain 
level statement, which is the main result of this section: 

4.1 Theorem. Let Li,L2 G C°°([0, 1] x TM) be two Lagrangians which satisfy 
(LO)^ , (LI), (L2), are such that ~ ^2(0, •) with all the time derivatives, 

and h2. 9j) holds. Assume also that the Lagrangian Li#i2 defined by 112. 8\) satisfies 
(LOf^ . Let Hi and H2 be the Fenchel transforms of Li and Li, so that Hi^Hi is 
the Fenchel transform of Li^Li, and the three Hamiltonians Hi, H2, and Hi^Hi 
satisfy (HOf, (HI), (H2). Then the diagram 



(F^iHi) ® F^{H2)), — F^{Hi#H2) 

is chain-homotopy commutative. 

Instead of constructing directly a homotopy between $2i#L2 ° ^# '""^ ° 
$2i ^ ' shall prove that both these chain maps are homotopic to a third 
one, that we name K^, see Figure S) 




Figure 4: The homotopy through K . 

The definition of is based on the following space of solutions of the Floer 
equation for the Hamiltonian H defined in (|3.17p : given 71 g ^^(Li), 72 G 
^^(^2), and X e ^^^{Hi^fHi), let (71 , 72 ; be the space of solutions u : 
[0, +00 [x [-1,1]^ T*M of the Floer equation 

dj,H{u) = 0, 
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with boundary conditions 



TT O u{s, —1) = TT O m(s, 1) = Qq, Vs > 0, 

TT o ,,(0, ■-l)eW^ijuX2j,7ro u(0, •) e M/"(72; 
and the asymptotic behavior 

Urn u{s,2t-l) ^ x{t). 

s — >+oo 

Here, X^^ and X^^ are Morse-Smale pseudo-gradients for the functionals S^^ and 
S^j- Theorem 3.2 in [AS06bj (or the arguments of Section [5. lOp imphes that for a 
generic choice of the Lagrangians Li, L2, and of the pseudo-gradients X^-^, -^L2' 
the space ^j^(7i, 72; a;) - if non-empty - is a smooth manifold of dimension 

dim (71 , 72 ; = (71 ; ) + (72 ; L^) ~ fi^'ix; H, #^2 ) • 

These manifolds carry coherent orientations. The energy identity is now 

\dsu{s,t)\'^ ds dt = Ahi (xi) + Ah2{x2) - Ahi#H2{x), 

[0,+oo[x[-l,l] 

where xi{t) — u{0,t — 1) and X2(t) ~ u(0,t). Since tt o xi is in the unstable 
manifold of 71 and tt o X2 is in the unstable manifold of 72 , the inequality (|4.4p 
implies that 

Ahi(xi) < Sli(7i), Ah, (0:2) < Si, (72), 
so the elements u of (71 , 72 ; x) satisfy the energy estimate 

\dsu{s,t)\^dsdt < Sl,(7i) + Sl,(72) -AH,#ff,(x). (4.5) 

[0,+oo[x[-l,l] 

When i^(7i;Li) -I- j^(72;i2) = n^{x;Hi ® H2), the space ^|^(7i,72;x) is a 
compact zero-dimensional oriented manifold. If n^(7i, 72; a;) is the algebraic sum 
of its points, we can define the homomorphism 

i^": (M(Sgj®M(Sgj),-^i^fe^(i7i#i/2), 



'k 



71(g) 721-^ ^ ng-(7i,72;a;)a;. 



A standard gluing argument shows that is a chain map. 

It is easy to construct a homotopy between $2i#L2 ° ^^"^ fact, 
it is enough to consider the space of pairs (a, u), where a is a positive number and 
u is a solution of the Floer equation on [0, -|-oo[x [—1, 1] which converges to x for 
s +00, and such that the curve 1 1^ ir o u{0,2t — 1) belongs to the evolution at 
time a of 

T{W^i^,;X2,)xW^^2;X2j), 
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by flow of a pseudo-gradient for S^^^l^- Here F is the concatenation 

map defined in Section [Ol More precisely, set 



:= a > 0, -u : [0, +oo[x [-1, 1] T* M solves dj,H{u) = 0, 

TT o m(s, —1) = TT o u(s, 1) = go Vs > 0, Km m(s, 2t — 1) = 

S — *+C30 

TT 0^(0, 2.-1) e 02(r(w^"(7i;^Fj x P^«(72;^i\)))}, 

where (/)^ denotes the flow of Xp^^^^. For a generic choice of ii, ^2, -'^Lj, -'^l2' 
and the space ^^(7i,72;x) - if non-empty - is a smooth manifold of 



dimension 

dim ^1(71, 72; x) = i"(7i;ii) -1-^^(72; L2) -/^''(x;ffi#ff2) + 1, 

and these manifolds carry coherent orientations. The energy estimate is again 
(j4.5p . By counting the elements of the zero-dimensional manifolds, we obtain a 
homomorphism 

P* : (M(S2j ® M(S2J), ^ F^+^(H,#H^). 

A standard gluing argument shows that is a chain homotopy between ° 
M# and if^. 

The homotopy Py between and o (X) $2 ) defined by counting 
solutions of the Floer equation on a one-parameter family of Riemann surfaces 

(a), obtained by removing a point from the closed disk. More precisely, given 
a > 0, we define (a) as the quotient of the disjoint union [0, +oo[x [— 1, 0] U 
[0; +cx)[x[0, 1] under the identification 

(s,0~) - (s,0+) fors>a. 

This object is a Riemann surface with boundary: Its complex structure at each 
interior point and at each boundary point other than (a, 0) is induced by the 
inclusion, whereas the holomorphic coordinate at (a, 0) is given by the map 

{CGC|ReC>0, Id <e}^Sf(a), C->a + C', 

where the positive number e is smaller than 1 and ^/a. Given 71 € ^(Li), 
72 G ^(L2), and x € ^(iJi#i?2), we consider the space of pairs (a, u) where a is 
a positive number, and u(s, t) is a solution of the Floer equation on (a) which 
converges to x for s +00, lies above some element in the unstable manifold of 71 
for s — Q and —1 < t < 0, lies above some element in the unstable manifold of 72 
for s = and < t < 1, and lies above go at all the other boundary points. More 
precisely, ^-^(71, 72; x) is the set of pairs (a, u) where a is a positive number and 
u : Y,^ (a) ^ T*M is a solution of 



djM{u) = 0, 
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which satisfies the boundary conditions 

TT O u(s, —1) = TT O u{s, 1) ~ Qq, Vs > 0, 

TT o u(s, 0^) — TT o u{s, 0^) = qo, Vs G [0, a], 

TT o 7.(0, • - 1) e W^"(7i; ^{?J, ^ o ti(o, •) e 14^"(72; 

and the asymptotic condition 

lim u{s,2t-l) = x(t). 

s — >+oo 

The following result is proved in Section TS-lOl 

4.2 Proposition. For a generic choice of Li, L2, , and , ^^(71, 72;^) 
- if non-empty - is a smooth manifold of dimension 

dim (71 , 72 ; = (71 ; Li ) + (72 ; ^2) - m'' (a:; i/i #1/2) + 1 • 
These manifolds carry coherent orientations. 

As before, the elements {a,u) of (71 , 72 ; a;) satisfy the energy estimate 

/ \dsU{s,t)\^dsdt<SL^{ll) + SLo{l2)-^H^#H,{x), 

Js!} (a) 

which allows to prove compactness. By counting the zero-dimensional components, 
we define a homomorphism 

The conclusion arises from the following: 

4.3 Proposition. The homomorphism is a chain homotopy between and 

The proof of the above proposition is contained in Section 16.41 It is again 
a compactness-cobordism argument. The analytical tool is the implicit function 
theorem together with a suitable family of conformal transformations of the half- 
strip. This concludes the proof of Theorem 14. II hence of Theorem B. 

4.3 A chain level proof of Theorem A 

Theorem A of the Introduction says that if M is an oriented closed manifold, then 
there is a graded ring isomorphism 

H^{K{M)) ^ HF^{T*M) 

where the first graded group is endowed with the loop product o (see Section rO)) . 
and the second one with the pair-of-pants product H^T^ (see Section [231) ■ 
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The loop product is the composition of two non-trivial homomorphisms: The 
first one is the exterior homology product x followed by the Umkchr map ei, that 
is 

e, o X : HhiA{M)) ® H,{A{M)) if,,+j_„(e(M)), 
the second one is the homomorphism induced by concatenation, 

r, : Hk{e{M)) Hk{k{M)). 

In Section 12. 4i we have shown how these two homomorphisms can be read on 
the Morse complexes of the Lagrangian action functional with either periodic or 
figure-8 boundary conditions: ei o x is induced by the chain map 

defined immediately after Proposition l2.4[ and by the chain map 

Mr : AMSt^^^) ^ MkiSl^Lj, 

defined in Proposition 12.51 On the other hand, by Theorem 13.81 the pair-of-pants 
product on the Floer homology of T*M with periodic boundary conditions is 
induced by the composition of the chain maps 

E : F/^{H,) ® F^^{H2) F;f+,_„(iJi ® H^) 

and 

G : F^im ® i?2) Ft{H,#H,). 

Therefore, Theorem A is an immediate consequence of the following chain level 
result: 

4.4 Theorem. LetLi,L2 G C°°{JxTM) be two Lagrangians which satisfy (LO)^, 
(LI), (L2), are such that Li(0, •) — £2(0,-) with all the time derivatives, and 
satisfy i2.10\} . or equivalently h2.11\) . Assume also that the Lagrangian Li^L2 
defined by 112. 8\ ) satisfies (LO)^ . Let Hi and H2 be the Fenchel transforms of 
Li and L2, so that Hi^H2 is the Fenchel transform of Li#L2, and the three 
Hamiltonians Hi, H2, and Hijj=H2 satisfy (HO)^ , (HI), (H2). Then the two 
squares in the diagram 

{M[st^)®M{St^)) ^ — ^ Mfc_„(Sg^3^^) ^Jj_^ Mfc_„(S^^^^^) 

{F''{Hi)(g,F''{H2))^ — F^_JH,S>H2) ^ F^_JHi#H2) 

commute up to chain homotopies. 

The chain homotopy commutativity of the left-hand square is more delicate 
and is proved in the next section. The second square is studied in Section [4.51 
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4.4 The left-hand square is homotopy commutative 

In this section we show that the chain maps o Mi and E o ($;^ (g) $^ ) are 

homotopic. We start by constructing a one-parameter family of chain maps 

where a is a non-negative number. The definition of is based on the solution 
spaces of the Floer equation on the Riemann surface consisting of a half- 
cylinder with a slit. More precisely, when a is positive is the quotient of 
[0, +00 [x [0, 1] by the identifications 

(s,0)-(s,l) Vse[0,a]. 

with the holomorphic coordinate at (a,0) ^ («; 1) obtained from (|3.20p by a 
translation by a. When a = 0, — E^ is just the half-strip [0, +00 [x [0, 1]. Fix 
7i e ^^(Li), 72 e ^^iL2), and x e ^^{Hi ® H2). Let (71, 72; a;) be the 
space of solutions u : E^ T*IvP of the equation 

which satisfy the boundary conditions 

7roz.(0,.)eM^"((7i,72);^teLj' (4-6) 
{u{s,0),'^u{s,l)) e N*A^^\ Vs>a, (4.7) 
lim u{s,t) = x{t), (4.8) 

s — >+oo 

where Xj^^^^^ is a pseudo-gradient for S;^^^^^ on A^(M x M). Let us fix some 
ao > 0. The following result is proved in Section [5. 101 

4.5 Proposition. For a generic choice of the Lagrangians Li, L2, and of the 
pseudo- gradient Xf^^^^^, the space ^^(71, 72;^) - if non-empty - is a smooth 
manifold of dimension 

dim^i^(7i, 72; a;) = 1^^(71; ii) + i^(72; L2) - A*^(a:; Fi ® -ffa) - ri- 
These manifolds carry coherent orientations. 

Compactness is again a consequence of the energy estimate 

/ \dsu{s,t)\^dsdt<SLAli) + ^LAl2)-i^H^®HAx), (4.9) 

implied by (f44|) . When ^"^(71; Li) + 1^^(72; ^2) = k and ^^(a;; Hi H2) ^ k ~ n, 
the space (71 , 72 ; x) is a compact zero-dimensional oriented manifold. The 
usual counting process defines the homomorphism 

Ki : (M(St) ® M(St)),. - FtniHi ® H2), 
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and a standard gluing argument shows that K^^^ is a chain map. 

Now assume ao > 0. By standard compactness and gluing arguments, the 
family of solutions for a varying in the interval [ao,+oo[ allows to define a 
chain homotopy between K^^ and the composition E o (g) $^ ). 

Similarly, a compactness and cobordism argument on the Morse side shows 
that Kq is chain homotopic to the composition ^f^Q^^ o M<. See Figure O 



a 




Figure 5: The homotopy through and Kq. 

It remains to prove that K^^^ is homotopic to Kq. Constructing a homotopy 
between these chain maps by using the spaces of solutions for a G [0, ao] 

presents analytical difficulties: If we are given a solution u of the limiting problem 
^0^, the existence of a (unique) one-parameter family of solutions "converging" to 
u is problematic, because we do not expect u to be C*^ close to the one-parameter 
family of solutions, due to the jump in the boundary conditions. 

Therefore, we use a detour, starting from the following algebraic observation. 
If two chain maps ip,ip : C C are homotopic, so are their tensor products ifSiip 
and ip ® if. The converse is obviously not true, as the example oi Lp — Q and "0 
non-contractible shows. However, it becomes true under suitable conditions on ip 
and ^. Denote by (Z, 0) the graded group which vanishes at every degree, except 
for degree zero, where it coincides with Z. We see (Z,0) as a chain complex with 
the trivial boundary operator. Then we have the following: 

4.6 Lemma. Let {C,d) and {C',d) be chain complexes, bounded from below. Let 
ip,ij} : C ^ C be chain maps. Assume that there is an element e £ Co with de = 
and a chain map 5 : C ^ (Z,0) such that 

S{^{e)) ^ 6me)) ^ 1. 

If Lp ® ij) is homotopic to ip ® ^p, then ip is homotopic to ip. 

Proof. Let tt be the chain map 

TT : C"(8)C" C"(g) (Z,0) ^ C", 7r = id(g)5. 

Let H : C (E) C ^ C 1^ C he a chain homotopy between ip (E)tp and tp (E) (p, that is 

(fi - tp (E) p ^ dH + Hd. 
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If we define the homomorphism /i ; C — > C" by 

h{a) := TT o H{a(g) e), \/a£C, 

we have 

dh{a) + hda = dT:{H{a ® e)) + T:{Hd{a ® e)) = 7r(ai/(a ® e) + Hd{a ® e)) 
= TT{if{a) (g) ■(/'(e) - -0(0) «> = ¥3(a) (g) (5(V'(e)) - "(/"(a) (5(v?(e)) = <p(a) - ip{a). 

Hence h is the required chain homotopy. □ 

We shall apply the above lemma to the complexes 

Ck = (M(St) ® M(Si)),^„, = F^{H^ ® 

and to the chain maps Kq and K^^. The tensor products Kq®K^^ and iC^^ giiCj^ 
are represented by the coupling - in two different orders - of the corresponding 
elliptic boundary value problems. 

4.7 Proposition. The chain maps Kg K^^ and K^^ g) Kq are homotopic. 

Constructing a homotopy between the coupled problems is easier than dealing 
with the original ones: we can keep ao fixed and rotate the boundary condition 
on the initial part of the half-strip. This argument is similar to an alternative 
way, due to H. Hofer, to prove the gluing statements in standard Floer homology. 
Details of the proof of Proposition [T7] are contained in Section [^751 below. 

Here we just construct the cycle e and the chain map S required in Lemma 14.61 

Let 

be the standard augmentation on the Morse complex of the Lagrangian action 
functional on the space of figure-8 loops, that is the homomorphism mapping each 
generator 7 S ^^(Li0L2) of Morse index zero into 1. Since the unstable manifold 
of a critical point 7 of Morse index 1 is one-dimensional, its boundary is of the 
form 71 — 72, where 71 and 72 are two relative minimizers. Hence, ^ is a chain 
map. We choose the chain map 

S : F^{Hi®H2) (Z,0) 

to be the composition of S with the isomorphism {^l-^^l^)^^ from the Floer to the 
Morse complex. Since the latter isomorphism is the identity on global minimizers, 
S{x) = 1 if X e H2) corresponds to a global minimizer of Sf^^^^- 

We now construct the cycle e in (M(S^J <S) ^{^1,2)) n' ^^"^^ changing the 
Lagrangians Li and L2 (and the corresponding Hamiltonians) changes the chain 
maps appearing in the diagram of Theorem 14.41 by a chain homotopy, we are free 
to choose the Lagrangians so to make the construction easier. 

We consider a Lagrangian of the form 

Liit,q,v) ^\v\^^Viit,q), 
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where the potential Vi £ C°°(T x M) satisfies 



Vi{t,q) <Vi{t,qo) = Q, Vtel, VgeM\{go}, 
RessVi{t,qo) <0, yteJ. 



(4.10) 
(4.11) 



The corresponding Euler-Lagrange equation is 



gradV^i(t,7(i)), 



(4.12) 



where denotes the covariant derivative along the curve 7. By ()4.10p and ()4.11|) . 



Notice also that the equilibrium point (go , 0) is hyperbolic and unstable for the 
Hamiltonian dynamics on T*M induced by the Fenchel dual Hamiltonian Hi. We 
claim that there exists uj > such that 

every solution 7 of (|4.12p such that 7(0) = 7(1), other than ^{t) = qq, 
satisfies 8^1(7) > uj. 

Assuming the contrary, there exists a sequence (7^1) of solutions of (I4.12p with 
7/1(0) = 7/1(1) and < Sli(7/i) 0. The space of solutions of (|4.12p with action 
bounded from above is compact - for instance in C°°([0, 1], M) - so a subsequence 
of (7/1) converges to a solution of (|4.12p with zero action. Since qq is the only 
solution with zero action, we find non-constant solutions 7 of (|4.12p with 7(0) = 
7(1) in any C°°-neighborhood of the constant curve Qq. But this is impossible: 
The fact that the local stable and unstable manifolds of the hyperbolic equilibrium 
point (gojO) S T*M are transverse to the vertical foliation {T*M \ q S M} easily 
imphes that if {xh) is a sequence in the phase space T*AI tending to (go, 0) such 
that the Hamiltonian orbit of Xh at time T/j is on the leaf T*f^^^ containing Xh, 
then the sequence (Th) must diverge. 

A generic choice of the potential Vi satisfying (|4.10p and (|4.1ip produces a 
Lagrangian Li whose associated action functional is Morse on A^(Af). 

Next we consider an autonomous Lagrangian of the form 




L2iq,v) ■.= -\v\^-V2iq), 



where 



(i) V2 is a smooth Morse function on M; 



(ii) = V2{qo) < V2{q) < uj/2 for every q e M \ {go}; 



(iii) V2 has no local minimizers other than qa; 



(iv) \\V2\\c^M) < P- 
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Here p is a small positive constant, whose size is to be specified. The critical points 
of V2 are equilibrium solutions of the Euler-Lagrange equation associated to L2- 
The second differential of the action at such an equilibrium solution q is 

d'siiqm^] = /'((e'w,rw> - (iiessV2iq) m,m)) dt. 

J 

If < p < 27r, (iv) implies that g is a non-degenerate critical point of with 
Morse index 

i^{q;L2) ^n-i{q;V2), 

a maximal negative subspace being the space of constant vector fields at q taking 
values into the positive eigenspace of Hess V2 {q) ■ 
The infimum of the energy 

over all non-constant closed geodesies is positive. It follows that if p in (iv) is small 
enough, then 

inf |S£^(7) I 7 e ^^{L2), 7 non-constantj > 0. (4.14) 

Since the Lagrangian L2 is autonomous, non-constant periodic orbits cannot be 
non-degenerate critical points of . Let W G C°°{J x M) be a C^-small time- 
dependent potential satisfying: 

(v) < W{t, q) < uj/2 for every (t, q) €J x M; 

(vi) W{t,q) = 0, gia,dW{t,q) = 0, HessVF(t, g) — for every t € J and every 
critical point q of V2 • 

For a generic choice of such a W, the action functional associated to the Lagrangian 

L2{t,q,v) := ^{v,v) ~V2{q)~W{t,q), 

is Morse on A^(Af). By (vi), the critical points of V2 are still equilibrium solutions 
of the Euler-Lagrange equation 

Va'it) = -grad {V2it, 7(0) + W{t, ^(t)) , (4.15) 

and 

i^{q;L2)=n~i{q;V2) Vq G critT^z- (4.16) 
Moreover, (|4.14p implies that if the norm of W is small enough, then 

inf {Sl2(7) I 7 e ^^iL2), 7 non-constant} > 0. (4.17) 

Up to a generic perturbation of the potential W, we may also assume that the 
equilibrium solution qo is the only 1-periodic solution of (j4.15p with 7(0) = 7(1) = 
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Qo (generically, the set of periodic orbits is discrete, and so is the set of their initial 
points). 

Since the inclusion c : M ^ A^(M) induces an injective homomorphism be- 
tween the singular homology groups, the image c*([M]) of the fundamental class 
of the oriented closed manifold M does not vanish in A^(M). By (ii) and (v), the 
action 8^2 of every constant curve in M does not exceed 0. So we can regard 
c*([M]) as a non vanishing element of the homology of the sublevel {S^^ — 0}- 
The singular homology of {S^^ < 0} is isomorphic to the homology of the sub- 
complex of the Morse complex M^{S'^^) generated by the critical points of S^^ 
whose action does not exceed 0. By (14 .17^ . these critical points are the equilibrium 
solutions q, with q g crit(V2). By (ii), (iii), and (|4.16p . the only critical point of 
index n in this sublevel is qQ. It follows that the Morse homological counterpart 
of c*([Af]) is ±qo. In particular, qo G Af„(S^^) is a cycle. Since S^^{qo) — 0, 

St(7)<0, yieW-iqo;Xtj. (4.18) 

We now regard the pair {qo,qo) as an element of ^® (ii ^2)- We claim that 
if p is small enough, (iv) implies that {qo,qo) is a non-degenerate minimizer for 
Sli©L2 the space of figure-8 loops 6^(M). The second differential of Sf^^^^ 
at {qo,qo) is the quadratic form 

d'Sl(S^^{qo,qomu^2)? 

- (Hcssyi(i,go)a,a) + (^2,^2) - (HcssF2(<?o)6,6)) dt, 

on the space of curves (^1,^2) in the Sobolev space W^^'^([0, 1], Tg„Af x Tq^M) 
which satisfy the boundary conditions 

a(o) = a(i) = 6(o) = 6(i). 

By (|4.1ip . we can find a > such that that 

Hess l/i(t, go) < ~al. 
By comparison, it is enough to show that the quadratic form 

Qp(ui, U2) / {u[{tf + auiitf + u'^{tf - pu^itf) dt 
Jo 

is coercive on the space 

{(ui, U2) e W^'^[0, 1], R2) I ui(o) ^ ui{l) - 7/2(0) = U2(l)} . 

When p = 0, the quadratic form Qo is non-negative. An isotropic element (wi, U2) 
for Qo would solve the boundary value problem 

- u'lit) + aui{t) ^ 0, (4.19) 

-u'iit) ^ 0, (4.20) 

u,{0)^u,{l) - 7.2(0) -U2(l), (4.21) 

u[{l)-u[{0) - u',{0)~u',{l). (4.22) 
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By (|4.20p and (|4.2ip . U2 is constant, so by (|4.2ip and (|4.22p ui is a periodic solution 
of (|4.19[) . Since a is positive, ux is zero and by (|4.2ip so is M2. Since the bounded 
self-adjoint operator associated to Qo is Fredholm, we deduce that Qo is coercive. 
By continuity, Qp remains coercive for p small. This proves our claim. 

Let Hi and H2 be the Hamiltonians which are Fenchel dual to Li and L2. In 
order to simplify the notation, let us denote by (goj^o) also the constant curve 
in r*M^ identically equal to ((go, 0), (go, 0)). Then (go- 90) is a non-degenerate 
element of ^^{Hi ® H2), and it has Maslov index 

M'^(9o,go) = i^iqo-.qo) = 0. 

Let X be an element in ^^{Hi (BH2), and let 7 be its projection onto M x M. 
By the definition of the Euler-Lagrange problem for figure-8 loops (see in particular 
the boundary conditions (|2.4p ). 71 is a solution of (|4.12p . 72 is a solution of (|4.15p . 
and 

7i(0)=7i(l)= 72(0) =72(1), 72(1) -72(0) =71(0) -71(1)- (4.23) 

If 71 is the constant orbit qo, then (|4.23p implies that 72 is a 1-periodic solution 
of (|4.15p such that 72(0) = 72(1) = Qo, and we have assumed that the only curve 
with these properties is 72 = qo- If 71 is not the constant orbit qo, (|4.13p implies 
that 

Sli(7i) 

By (ii) and (v), the infimum of is larger than —tu, so we deduce that 

Ahi(bh2{x) = AhJxi) +Ah2{x2) = Sli(7i) + Sl2(72) > 0, 
Vxe ^®(ifiei?2)\{(<Zo,9o)}, 

so {qo, qo) is the global minimizer of Sf^^^^. 

Now we choose e in the n-th degree component of the chain complex M{S^J(^ 
M(S^J to be the cycle 

e = go go e Ma{Stj(g> Af„(S^J. 

We must show that 

SiK^iqo ® qo)) = ^«o(9o ® qo)) = 1- (4.25) 

Let X g ^^{Hi (B H2), and let u be an element of either 

■^o^{qo,qo;x) or ^^^{qo,qo;x). 

By the boundary condition (j4.6p . the curve u(0, •) projects onto a closed curve in 
M X M whose first component is the constant go and whose second component is 
in the unstable manifold of go with respect to the negative pseudo-gradient flow 
of S^^. By the fundamental inequality (|4.4p between the Hamiltonian and the 
Lagrangian action and by (|4.18p . we have 

Ah,<shAx) < AH,eHAu{Q, ■)) < SL,eL.(^oM(0, •)) = S^^ (go)+St,(7rou2(0, •)) < 0. 



55 



By (I4.24p . X must be the constant curve (90790)1 and all the inequalities in the 
above estimate are equalities. It follows that u is constant, u{s,t) = (qQ^qa). 

Therefore, the spaces {qo,qo;x) and ^aoilOilo'i^) are non-empty if and 
only if X = {qo,qQ), and in the latter situation they consist of the unique con- 
stant solution u= (goj9o)- Automatic transversality holds for such solutions (see 
|AS06b[ Proposition 3.7]), so such a picture survives to the generic perturbations of 
Li, 1/2, and of the pseudo-gradients which are necessary to achieve a Morse-Smale 
situation. Taking also the orientations into account, it follows that 

Koiqo «) go) = {qo, qo), KaiQo «> go) = (go, go)- 

Since (go, go) is the global minimizcr of Sf^^^^, (5((go,go)) = 1 as previously 
observed, so (I4.25P holds. 

This concludes the construction of a cycle e and a chain map 5 which satisfy 
the assumptions of Lemma 14.61 Together with Proposition 14.71 this proves that 
left-hand square in the diagram of Theorem l4.4l commutes up to a chain homotopy. 

4.5 The right-hand square is homotopy commutative 

In this section we prove that the chain maps ^^^^j^^ o Alp and Go are both 

homotopic to a third chain map, named K^. This fact implies that the right-hand 
square in the diagram of Theorem 14.41 commutes up to chain homotopy. 

The chain map is defined by using the following spaces of solutions of 
the Floer equation on the half-cylinder for the Hamiltonian Hi^H2: given 7 e 



where X®^^^^ is a pseudo-gradient for Sf^^^^ on 6^(M). By Theorem 3.2 in 
|AS06b| (or by the arguments of Section [5.1 Op . the space ^^(7; a;) is a smooth 
manifold of dimension 



for a generic choice of Li, L2, and Xf_^^j^^. These manifolds carry coherent ori- 
entations. 

Compactness follows from the energy estimate 



which is implied by (|4.4p . By counting the elements of the zero-dimensional spaces, 
we define a chain map 



^^(Li ® L2) and X e ^^{Hi#H2), set 



^1(7; a;) := {li : [0, -Hoo[xT ^ T*Af | (li) = 0, 

7T o u{0, ■) e r(w^"(7; ^f.eL J) , ^^f^ n{s, •) = x}. 



dim^^{r,x)=i^{-f)-ti^{x), 




e 



) ^ if (ffi#F2). 
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It is easy to construct a chain homotopy Pj^ between ^^^^-^^^ ° -^r and by 
considering the space 

^xil'^ ■= u) a > 0, u : [0, +oo[xT T*M, 9,7,_ffi#H2 (") = 0, 

0^„(7row(O,.)) e r(M^«(7;X«eLj), ^^(s, •) = 

where (j)^ denotes the flow of X^_^^j^^ on A^(Af). As before, we find that genericaUy 
■^k{11t12\x) is a manifold of dimension 

dim (7; x) = (7) - /I® {x) + l. 

Compactness holds, so an algebraic count of the zero-dimensional spaces produces 
the homomorphism 

A standard gluing argument shows that is the required homotopy. 

Finally, the construction of the chain homotopy Pq between and G o 
^Li®L2 based on the onc-parametcr family of Riemann surfaces Eg (a), a > 0, 
defined as the quotient of the disjoint union [0, +oo[x [—1, 0] U [0, +oo[x [0, 1] under 
the identifications 

(s,0") - (s,0+) and (s,-l) - (s, 1) for s > a. 

This object is a Riemann surface with boundary, the holomorphic structure at 
(a, 0) being given by the map 

{C e C I ReC > 0, Id < e} ^ S§"(a), C ^ a + C\ 



and the holomorphic structure at (a, — 1) ~ (a, 1) being given by the map 
{CeC|ReC>0, Id <e}^S^(a), 



a-i + C ifImC>0, 
a + i + C ifImC<0. 

Here e is a positive number smaller than 1 and ^/a. 

Given 7 G ^®(Li©L2) and a; G ^^{Hi#H2), we consider the space ^^(7, 
of pairs (a,u) where a is a positive number and u : Eq(q!) — ^ T*M solves the 
equation 

9j,Hi#H2{u) = 0, 

satisfies the boundary conditions 

TT O u(s, — 1) = TT O u(s, 0^) = TT O m(s, 0+) = TT O u(s, 1), . , 

u{s, 0-) - uis, -1) + uis, 1) - u{s, 0+) = 0, ^ ' 

{tt o u{0, • - 1), tt o u{Q, •)) e W"{j, Xf^^^J, 

and the asymptotic condition 

lim u{s,2t-l) ^ x{t). 

s — >+oo 

The following result is proved in Section [STTUl 
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4.8 Proposition. For a generic choice of Li, L2, and Xf^^^^^, ^q{'^,x) - if 
non-empty - is a smooth manifold of dimension 

dim^^(7, x) = i®(7; Li ® L2) - fi^{x; Hi#H2) + 1. 

The projection (a, u) ^-^ a is smooth on ./#q^(7, x). These manifolds carry coherent 
orientations. 

The elements of ^q{j,x) satisfy the energy estimate 

/ \dsU{s,t)\'^ dsdt < SLiBLiil) - ^Hi#H2{x)- 

This provides us with the compactness which is necessary to define the homomor- 
phism 

by the usual counting procedure applied to the spaces . A standard gluing 
argument shows that Pq is a chain homotopy between K'^ and G o 

This concludes the proof of Theorem 14. 4[ hence of its corollary, Theorem A of 
the Introduction. 



4.6 Comparison between C, EV, Ii and c, ev, ii 

The aim of this section is to prove that the homomorphisms 



c* : Hj{M) 
ev, : Hj(K{M)) 
ir.H,{K{M)) 



H,{A{M)), 
Hj^^{n{M,qo)), 



on the topological side (see Section II. 3p , correspond - via the isomorphisms of 
Section [4. II - to the homomorphisms 



a :i/Af,(/) 
Ev* : HF^{T*M)) 
L : HFNt*M) 



HF^{T*M), 

HM,{f), 

HFjl„iT*M), 



on the Floer side (see Section 
homomorphisms. 



We start by comparing the first two pairs of 



Comparison between c,ev and C,Ev. In Section [2?2l we have shown that 
the homomorphisms c* and ev* are induced by chain maps 

Mc : M,(/) -> M,{St), Mev : M,{St) ^ M,{f), 

between the Morse complex of the Morse functions / : A/ — > IR and : A^(Af) ^ 
R. Therefore, the fact that c* and ev* correspond to C* and Ev* is implied by the 
following chain level result: 
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4.9 Theorem. The triangles 



Mjif) 



Mc 





Mjif) 



are chain homotopy commutative. 

A homotopy between C and o Mc is defined by the following spaces: 
Given x e crit(/) and y e ^'^{H), set 



{x,y) := |(a,M) 



a > 0, M : [0, +oo[xT ^ T*M, dj^niu) = 0, 
^'L,{nou{0,-)) = q&W"{x)}, 



where (j)^ is the flow of X^, a pseudo-gradient for on A^(M), and W^{x) C M 
is the unstable manifold of x with respect to the negative gradient flow of /. 

Similarly, the definition of the homotopy P^^ between Ev o and Mev is 
obtained from the composition of three homotopies based on the following spaces: 
Given 7 e ^^(L) and x G crit(/), set 

^p^{'y,x) := |(q!,u) a e [l,-l-oo[, u:[0,a\xJ^ T*M solves dj^H{u) = 0, 

u(a,t) e (Dm eT, u(a, 0) e tt o u(0, •) e ^^"(7; X^)}; 

.^17(7, a;) := |(a,u) a e [0, 1], u : [0, 1] x T ^ T*M solves ^^.//(u) = 0, 
u(l,i)e(DMVieT, u(q!,0) e VF''(a;), tt o u(0, •) e W(7; xf )}; 



and 



a e]0, 1], u : [0, a] X T ^ T*M solves (u) = 0, 
w(a,i) e (Dm Vi G T, m(0,0) G 7row(0,-) G W^"(7;X^)}. 

Moreover, recalling that the definition of Mev is based on the space 

^Mey{l,x) = W^{r,X^)nev-'{W%x;-gTa.df)), 
we make the following observation: 

4.10 Proposition. For every 7 G ^^{L) and x G crit (/) with 1^(7) = i{x; f), 
there exists ao > such that for each c in the finite set ^Mevil, x) and a G (0, ao] 
the problem 



u e [0, a] X T ^ T*M, dj^uu = 0, 
u(a, e (Dm e T, 7rou(0, •) = c, 

has a unique solution with the same coherent orientation as c. 



(4.26) 
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Proof. We give a sketch of the proof, details are left to the reader. 

First, given a sequence a„ ^ and associated solutions m„ : [0, «„] x T ^ T*M 
of (|4.26p . one can show that u„ (c, 0) G A(T*M) uniformly. Here, it is important 
to make a case distinction for the three cases of possible gradient blow-up: if we 
set Rn '■= ||Vm„||oo = |Vw„(z„)|, up to a subsequence we may assume that the 
sequence (a„i?„) either is infinitesimal, or diverges, or converges to some k > 0. 

The most interesting case is anRn ^ k > Q which is dealt with by rescaling 
{an-, an) as in the proof of Lemma [STni 

For the converse, we need a Newton type method which is hard to implement 
for the shrinking domains [0, a] x T with a ^ 0. Instead, we consider the con- 
formally rescaled equivalent problem. Let v{s, t) = u{as, at) and consider the 
corresponding problem for a — + 0, 

v. [0, 1] X T„-i ^ T*M, dj,H^v = 0, 
7r(u(0,i)) = c(at), e (Da/ Vt e Tc,-i, 

where Ha{t, ■) — aH{at, ■) and T„-i = R/a^^Z. The proof is now based on the 
Newton method which requires to show that: 

(a) for Vo{s, i) = e T*^^^^^M we have dj^nivo) ^ as a — > 0, which is obvious, 
and 

(b) the linearization Da of dj^Ua is invertible for small a > with uniform 
bound on ||-Dq^|| as a ^ 0. 

We sketch now the proof of this uniform bound. 

After suitable trivializations, the linearization Da of dj^Ha ^^o with the above 
Lagrangian boundary conditions can be viewed as an operator Da on 

W^»R",R"(a) — {w:]0,l[xR/a-iZ^C"|t;(0,-)G«R",f(l,-)eR"}, 

with norm || • ||i.p;Q. Assuming that -D^ ^ is not uniformly bounded as a — > means 
that w6 would have (Xn — > a-nd Vn ^ ^^^[r^ R'^i.^n') with Ht'^ilji^p^Q.^ = 1 such that 
||^Q„^^n||o,p;Q„ ~^ 0- The limit operator to compare to is the standard 9-operator 
on maps 

v. [0, 1] X R ^ C", s.t. v{0, t) £ iR", i) e R" Vt e R . 

This comparison operator is clearly an isomorphism, so one easily shows that Da^ 
has to be invertible for a„ small. 

Let (5 S C°°(R, [0, 1]) be a cut-off function such that 

\0, i > 1, - ' 

and set (in{t) — f3{ant — 1) • /?(— a„t), hence 

^"|[0,a^i] ^ ^ supp/3„ C [-a~'^,2a-'^] . 
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We have 

|k„||l,p;a„ < ||/3„W„||l,p;K < Cl||t;„||l_p;o,„ . 

Since the hnearization Da is of the form 

DaV — dsV + idtv + aA{s, t)v 
with some matrix A{s,t), we observe that 

Moreover, 

an'^n\\o,p\R 

< C2an||w«|io,p;[_a-i,o]u[Q-\2a-i] + 3| | W„ 1 1 0,p;a„ 

< C2an2\\Vn\\l^p-a„ + 3| | Dq„ W„ || o,p;Q„ 0. 

Hence, we find a subsequence such that Pn^Vuk — I'd G ker9 = {0} which means 
that ||wn;. II i,p;q„^ — > in contradiction to ||un|| = 1- 

Similarly, we see that the coherent orientation for the determinant of Da^ 
equals that of d which is canonically 1. This completes the proof of the proposition. 

□ 

From the cobordisms ^p.^(7, x), i — 1,2, 3, we now obtain the chain homotopy 
between Mev and Ev o <() — L^. This concludes the proof of Theorem 14.91 



Comparison between ii and Ii. In Section we have shown that the ho- 
momorphism ii is induced by the chain map 

Mi, :Mj(Si)^Af,_„(S2), 

between the Morse complexes of the Lagrangian action functional on the spaces 
A^(M) and ^l^{M,qo). Therefore, the fact that ii corresponds to L is implied by 
the following chain level result: 

4.11 Theorem. The diagram 



Mil 



I, 



M,_„(Sg)^^Fji„(i/) 

is chain homotopy commutative. 

Indeed, one can show that both L o $^ and $2 ° Mi\ are homotopic to the 
same chain map K-. The definition of K makes use of the following spaces: Given 
7 G ^A(L) and x e ^^^{H), set 

:= |u : [0,+oo[x[0, 1] T* M d.LH(u) = 0, 
7rou(s,0) = 7rou(s,l) = go Vs > 0, 7ro'u(0,-) e M^"(7;^l), lim u{s,-)=x\. 

s — >-+oo J 
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Again, details are left to the reader. 

We conclude that all the homomorphisms which appear in diagram ([LTI) have 
their Floer homological counterpart: The vertical arrows have been treated in this 
section, whereas the horizontal ones are described in Sections IA.41 14. 3[ and 14.21 

5 Linear theory 

The remaining part of this paper consists of technical tools. In this section we 
develop the linear theory which allows us to study the Floer problems on the 
various Riemann surfaces introduced in the previous sections. All these elliptic 
problems are treated in the unifying setting of Cauchy- Riemann operators on strips 
with jumping nonlocal conormal boundary conditions. 

5.1 The Maslov index 

Let 770 be the Liouville one-form on T*R" = R" x (R")*, that is the tautological 
one-form rjo = pdq, that is 

r,o{q,p)[{u,v)] :=pM, for q,u G R", p,v e (R")*. 

Its differential ujq = drjQ = dp A dq, 

t^o[(gi,Pi), (g2,pi)] =pi[92] -P2[gi], for 51,92 e R", pi,p2 e (R")*, 

is the standard symplectic form on T* R" . 

The symplectic group, that is the group of linear automorphisms of T* R" pre- 
serving 0^0, is denoted by Sp(2n). Let ^(n) be the Grassmannian of Lagrangian 
subspaces of T*R", that is the set of n-dimensional linear subspaces of T*R" on 
which vanishes. The relative Maslov index assigns to every pair of Lagrangian 
paths Ai,A2 : [a,b] — + ^{n) a half integer /i(Ai,A2). We refer to [RS93| for the 
definition and for the properties of the relative Maslov index. 

Another useful invariant is the Hormander index of four Lagrangian subspaces 
(see |H6r71) . |Dui76j . or [RS93] ): 

5.1 Definition. Lef Aq, Ai, I'o, i^i be four Lagrangian subspaces o/T*R". Their 
Hormander index is the half integer 

/i(Ao, Xi;vo, 1^1) A*!^', ^1) - ^0), 

where v : [0, 1] — )■ I£{ri) is a Lagrangian path such that vlO) — vq and I'il) = Vi- 

Indeed, the quantity defined above does not depend on the choice of the La- 
grangian path u joining and ui. 

If 1/ is a linear subspace of R" , N* V <ZT* R" denotes its conormal space, that 

is 

N*V := e R" x (R")* \ qC,V, V d kcrp} = V -kV^, 

where V-^ denotes the set of covectors in (R")* which vanish on V . Conormal 
spaces are Lagrangian subspaces of r*R". 
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Let C : T*IR" ^ r*IR" be the linear involution 

C{q,p):^{q,~p) V(g,p) £ T*R". 
The involution C is anti-symplectic, meaning that 

In particular, C maps Lagrangian subspaces into Lagrangian subspaces. Since the 
Maslov index is natural with respect to symplectic transformations and changes 
sign if we change the sign of the symplectic structure, we have the identity 

fiiCX,Ciy) = -fj.{X,i^), (5.1) 

for every pair of Lagrangian paths A, ly : [a, b] .Sf (n). Since conormal subspaces 
are C-invariant, we deduce that 

H{N*V,N*W) =0, (5.2) 

for every pair of paths V, W into the Grassmannian of R". Let Vo,Vi, Wo, W\ be 
four linear subspaces of R", and let v : [0, 1] S£(ji) be a Lagrangian path such 
that 1/(0) N*Wq and v(\) = N*Wx. By (jOl . 

But also the Lagrangian path Cv joins N*Wq and N*W\, so the latter quantity 
equals 

We deduce the following: 

5.2 Proposition. Let Yo,Yi,Wo,Wi be four linear subspaces of Then 

h{N*Yo, N*Yi] N*Wo, N*Wi) = 0. 

We identify the product r*R" x r*IR" with T*R'^'\ and we endow it with its 
standard symplectic structure. In other words, we consider the product symplectic 
form, not the twisted one used in |RS93j . Note that the conormal space of the 
diagonal A^,. in R" x R" is the graph of C, 

N*Ar^ = graph C C T*R" x r*R" = T*r2". 

The linear endomorphism 'J of r*R" belongs to the symplectic group Sp{2n) if 
and only if the graph of the linear endomorphism ^>C is a Lagrangian subspace of 
T* R^" , if and only if the graph of is a Lagrangian subspace of T* R^" . If Ai , A2 
are paths of Lagrangian subspaces of T*R" and ^ is a path in Sp(2n), Theorem 
3.2 of |RS93| leads to the identities 

^(*Ai,A2) = ^(graph'I'C, CAi x A2) = -/i(graph C^*, Ai x CA2). (5.3) 
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The Conley-Zehnder index /icz(^) of a- symplectic path ^' : [0,1] — > Sp(2n) is 
related to the relative Maslov index by the formula 

Mczl^-) = Ai(graph«'C,7V*AKn) = /i(Ar*AK",graphC*). (5.4) 

We conclude this section by fixing some standard identifications, which allow 
to see T*R" as a complex vector space. By using the Euclidean inner product on 
R", we can identify r*IR" with IR^". We also identify the latter space to C", by 
means of the isomorphism {q,p) q + ip. In other words, we consider the complex 
structure 

Jo-^j 

on R^". With these identifications, the Euclidean inner product u ■ v, respectively 
the symplectic product ujo{u,v), of two vectors u,v E T*IR" ^ R^" ^ C" is the 
real part, respectively the imaginary part, of their Hermitian product (•,■), 

n 

{u,v) :— UjVj = u ■ V + i LOoju, v). 

J=l 

The involution C is the complex conjugation. By identifying V-^ with the Eu- 
clidean orthogonal complement, we have 

N*V ^ V (S iV-^ ^ {z e C" I Reze V, Imz £ V-^} . 

If A : [0, 1] ^ ^(1) is the path 

X{t) = e"'R, a e R, 

the relative Maslov index of A with respect to R is the half integer 

Notice that the sign is different from the one appearing in [RS93| (localization 
axiom in Theorem 2.3), due to the fact that we are using the opposite symplectic 
form on R^". Our sign convention here also differs from the one used in |AS06b| . 
because we are using the opposite complex structure on R^". 



5.2 Elliptic estimates on the quadrant 

We recall that a real linear subspace V of C" is said to be totally real if n = 
(0). Denote by H the upper half-plane {2 G C | Imz > 0}, and by IH+ the upper- 
right quadrant {2; g H | Re z > 0}. We shall make use of the following Calderon- 
Zygmund estimates for the Cauchy-Riemann operator d ~ ds + idt'- 

5.3 Theorem. Let V he an n-dimensional totally real subspace of . For every 
p s]l, -l-oo[, there exists a constant c — c{p, n) such that 

\\Du\\l. < c\\du\\Lp 

for every u G C^{C,C''), and for every u G C;f (C1(H), C") such that u{s) £ V 
for every s G R. 
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Wc shall also need the following regularity result for weak solutions of d. De- 
noting by d := ds ^ idt the anti-Cauchy-Riemann operator, we have: 

5.4 Theorem. (Regularity of weak solutions of d) Let V be an n-dimensional 
totally real subspace of C", and letl<p<oo,kG\s^. 

(i) Let u e Lf^^(C,C"), / e Wj^'f (C,C") be such that 




for every ^ G C^{£, C"). Then u € W^l'^^'P{C, C") and du = f. 
(ii) Let u e C"), / e W^'P{U, C") be such that 




for every Lp G C;?°(C,C") such that (^(R) C V. Then u G VK'=+1'P(H, C"), 
du = f, and the trace of u on IR takes values into the ujQ-orthogonal comple- 
ment of V, 

V^-o := e C" I uoi^, r?) = Vt? e F} . 

5.5 Remark. // we replace the upper half-plane H in (ii) by the right half-plane 
{Rez > 0} and the test mappings ip G C^(C, C") satisfy ip{iR) C V, then the 
trace of u on iR takes value into V-^, the Euclidean orthogonal complement ofV 
in R2". 

Two linear subspaces V, W of R" are said to be partially orthogonal if the 
linear subspaces V r]{V C] W)-^ and W C] (V C] W)-^ are orthogonal, that is if their 
projections into the quotient R"" /V D W are orthogonal. 

5.6 Lemma. Let V and W be partially orthogonal linear subspaces of R". For 
every p +oo[, there exists a constant c = c{p, n) such that 

\\Du\\lp < c\\du\\Lp (5.6) 

for every u G C~(C1(H+), C") such that 

u{s) €N*V\/se [0, +oo[, u{it) eN*Wyt€ [0, +oo[. (5.7) 

Proof. Since V and W are partially orthogonal, R" has an orthogonal splitting 
R" = Xi ® X2 ® © X4 such that 

V = Xi®X2, W = Xi®X3. 

Therefore, 

N*V = Xi © X2 © iXa © iX4, N*W = Xi © X3 © iX2 © iXi. 
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Let U G U(n) be the identity on {Xi X2) (8) C, and the muhiphcation by i on 
{X3 © X4) (g) C. Then 

UN*V = R", C/iV*M/ = ® ® iX2 ® iXg = iV*(Xi ® X4). 

Up to muhiplying u by J7, we can replace the boundary conditions (|5.7p by 

m(s) e R"Vs e [o,+c»[, it(ii) e y Vi e [0,+c»[, (5.8) 

where F is a totaUy real n-dimensional subspace of C" such that Y = Y. Define 
a C"-valued map v on the right half-plane {Re 2; > 0} by Schwarz reflection, 



v{z) :-- 



u{z) if Im z > 0, 
if Im z < 0. 



By (|5.8p and by the fact that Y is self-conjugate, u belongs to W^'^{{Kez > 
0},C"), and satisfies 

v{it) eY Vi e R. 



Moreover, 



and since dv{z) — du(z) for Imz < 0, 

II^'"IIlp({Roz>0}) = 2||9w||^p(|,_|+-). 

Then (|5.6[) follows from the Calderon-Zygmund estimate on the half plane with 
totally real boundary conditions (Theorem I5.3p . □ 



Similarly, Theorem 15.41 has the following consequence about regularity of weak 
solutions of d on the upper right quadrant H"'': 

5.7 Lemma. Let V and W be partially orthogonal linear subspaces of R". Let 
u e C"), / e LP(H+, C"), 1< p < 00, be such that 

Re / {u,d(p) ds dt = —Re / {f,ip)dsdt, 

for every ip E C';?°(C,C") such that (p{R) C N*V, ip{iR) C N*W. Then u £ 
Vl^^'^'(IH+, C"), du = f, the trace of u on R takes values into N*V , and the trace 
ofu on iR takes values into {N*W)^ = N*{W^) = iN*W . 



Proof. By means of a linear unitary transformation, as in the proof of Lemma [1 
we may assume that V = N*V = R". A Schwarz reflection then allows to extend 
u to a map v on the right half-plane {Re z > 0} which is in L^ and is a weak 
solution oi dv = g € L^, with boundary condition in iN*W on iR. The thesis 
follows from Theorem [531 □ 
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We are now interested in studying the operator d on the half-plane BH, with 
boundary conditions 

u{s) e N*V, ui-s) e N*W Vs > 0, 

where V and W are partially orthogonal linear subspaces of R". Taking Lemmas 
15.61 and 15.71 into account, the natural idea is to obtain the required estimates by 
applying a conformal change of variable mapping the half-plane H onto the the 
upper right quadrant H"'". More precisely, let ^ and be the transformations 

^ : Map{H,C") ^ Map(H+,C"), (^u)(C) = m(C^), (5.9) 
^ : Map(H,C") ^ Map(H+,C"), (^u)(C) = 2Cm(C^), (5.10) 

where Map denotes some space of maps. Then the diagram 

Map(H,C") — ^ Map(H,C") 

3r (5.11) 

Map(H+,C") — ^ Map(H+,C") 

commutes. By the elliptic estimates of Lemma l5.6[ suitable domain and codomain 
for the operator on the lower horizontal arrow are the standard W^'^ and 
spaces, for 1 < p < cx). Moreover, if u G Map(IH, C") then 

= J/^ ^^\u{z)\Pdsdt, (5.12) 
= 2^"' / \Du{z)\P\z\P^^-^dsdt, (5.13) 
=2^'-2 [ \uiz)\P\z\P/'-Usdt. (5.14) 

J [H 

Note also that by the generalized Poincare inequality, the W^'P norm on IH+ n D^, 
where Dr denotes the open disk of radius r, is equivalent to the norm 

\\v 



lv.-(N+nD„) ■■= ll^-llinH+nD.) + / HOnCl" dadr, (5.15) 

[H n D r 

and the V^^'^ norm of is 

. (5.16) 

+ 2P-2 / \Du{z)\P\z\P/'^-Usdt. 

So when dealing with bounded domains, both the transformations J^i and ^ in- 
volve the appearance of the weight in the LP norms. Note also that when 
p = 2, this weight is just 1, reflecting the fact that the norm of the differential 
is a conformal invariant. 

By the commutativity of diagram fSlT)) and by the identities ([5T3)) . ((5T4)) . 
Lemma 15.61 applied to J^u implies the following: 
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5.8 Lemma. Let V and W he partially orthogonal linear subspaces of R". For 
every p +00 [, there exists a constant c — c(p, n) such that 

Vu{z)\P\z\P/^~^ dsdt<cP [ \du{z)\P\z\P^^-Usdt 

for every compactly supported map u : Cl(IH) C" such that ( 1— > u(C^) is smooth 
on C1(IH+), and 

u{s) e N*v\/s e] - 00,0], u{s) e N*w\/s e [0,+oo[. 

5.3 Strips with jumping conormal boundary conditions 

Let us consider the following data: two integers k, k' > 0, k + 1 linear subspaces 
Vq, . . . , Vfc of R" such that Vj-i and Vj are partially orthogonal, for every j = 
1, . . . , fc, fc' + l linear subspaces Vq, . . . ,V^oi R" such that V^'_i and Vj are partially 
orthogonal, for every j = 1, . . . , fc', and real numbers 

- 00 = So < si < ■ ■ ■ < Sk < Sk+i = +00, 

- cx) = 4 < s'l < • • • < 4, < = +00. 

Denote by f the (fc + l)-tuple {Vq, Vfc), by r' the (fc' + l)-tuple (Vq', . . . , V^Q, 
and set 

y := {si, . . . , Sfc, s'l + z, . . . , s'f,, + i}. 
Let S be the closed strip 

S := e C I < Imz < 1} . 



The space C^(E, C") is the space of maps u : E ^ C" which are smooth on'E\,y, 
and such that the maps C w(sj + C^) and C w(s^- + i — C^) are smooth in a 
neighborhood of in the closed upper-right quadrant 

C1(H+) = {C e C I ReC > 0, ImC > 0} . 



The symbol ^ indicates bounded support. 

Given p E [1, +00 [, we define the norm of a map u £ Ll^^^E,, C") by 



l^llxp(s) II^IIlp(S\B^(^)) 



V / \u{z)\P\z-w\P/^-Usdt, 



where r < 1 is less than half of the minimal distance between pairs of distinct 
points in ,y . This is just a weighted norm, where the weight \z — 
comes from the identities (I5.13p . (|5.14p . and (|5.16p of the last section. Note that 
when p > 2 the norm is weaker than the LP norm, when p <1 the X'^ norm 
is stronger than the norm, and when p = 2 the two norms are equivalent. 

The space X;^(E, C") is the space of locally integrable C"-valued maps on S 
whose X'P norm is finite. The X'^ norm makes it a Banach space. We view it as a 
real Banach space. 
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The space X^^{Tj, C") is defined as the completion of the space ^(E, C) 
with respect to the norm 

ll"llxi.J'(S) ■~ ll^llxp(S) + ll^^llxp(s)- 

It is a Banach space with the above norm. Equivalently, it is the space of 
maps in XP{T,,C") whose distributional derivative is also in X^. The space 
(S, C") is defined as the closure in XJ^T,, C") of the space of all u S 
C;^'^(E,C") such that 

Equivalently, it can be defined in terms of the trace of u on the boundary of E. 

Let ^ : IR X [0,1] L(IR2",|R2") be continuous and bounded. For every p e 
[1,+cxd[, the hnear operator 

dA ■■ X^/i^, C") ^ XP.(E, C"), Oau 9u + Au, 

is bounded. Indeed, 9 is a bounded operator because of the inequality \du\ < \Du\, 
while the multiplication operator by A is bounded because 

P"llxp(S) < ll^l|oo||w||xp(S)- 



We wish to prove that if p > 1 and A{z) satisfies suitable asymptotics for Re z 



±cxD the operator dA restricted to the space X^^^ (E, C") of maps satisfying 



the boundary conditions (15.171) is Fredholm. 

Assume that ^ e C°(Ix [0, 1], L(R2n^ 5^2«)) jg such that A(±oo,i) G Sym(2n, R) 
for every t G [0, 1]. Define $~ : [0, 1] Sp(2n) to be the solutions of the linear 
Hamiltonian systems 

= iA(±oo,i)$±(t), $±(0) = /. (5.18) 

Then we have the following: 

5.9 Theorem. Assume that {\)N*VQr\N*V^ = (0) and $+(l)iV*VfeniV*Vfe', = 
(0). Then the bounded R-linear operator 

dA ■■ X]f .y .y,{j:, C") ^ X^(E, C"), Oau ^du + Au, 

is Fredholm of index 

inddA = fi{<S^^N*Va,N*Vo) - fi{<i>+ N*Vk, N*Vl,) 



1 

- ^(dim Vj-i + dim Vj - 2 dim Vj-i n Vj\ 



2 

fe' 

2 



(5.19) 



1 

- - ^(dim + dim ~ 2 dim V^_^ n F/). 
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The proof of the Fredholm property for Cauchy-Riemann type operators is 
based on local estimates. By a partition of unity argument, the proof that Oa is 
Fredholm reduces to the Calderon-Zygmund estimates of Lemmas 15.61 and to 
the invertibility of Oa when A does not depend on Re z and there are no jumps 
in the boundary conditions. Details are contained in the next section. The index 
computation instead is based on homotopy arguments together with a Liouville 
type result stating that in a particular case with one jump the operator Da is an 
isomorphism. 

5.4 The Fredholm property 

The elliptic estimates of Section [5^ have the following consequence: 

5.10 Lemma. For every p e]l,+oo[, there exist constants Cq = Co(p, n, c5^) and 
Ci = Ci(p, n,k + k') such that 

\\Du\\xP < co\\u\\xP + ci\\du\\xp, 
for every u G ^.(S, C") such that 

u{s) e N*V.j ys e [sj-i, sj], u{s + N*V^ Vs e s'^] 

for every j . 

Proof. Let {-0i, V'2} U {</?j}j=i be a smooth partition of unity on C satisfying: 

suppV'i C {z e C\lmz <2/3}\Br/2iy), 
suppV'2 C {zeC|Imz>l/3}\B^/2(^), 

SUppt/Jj C Br{Sj) Vj = l,...,fc, 

supp ipk+j C Br{s'j +i) = 1, . . . , fc'. 

By Lemma [5.81 

\\D{ipju)\\xp(j:) < c{p,n)\\d{(pju)\\xp(^) 

< c{p,n){\\dfj\\oo\\u\\xpi^) + \\du\\xp{j:)), 1 < j < k + k' . 

Since the norm is equivalent to the norm on the subspacc of maps whose 
support does not meet Bj./2(S^), the standard Calderon-Zygmund estimates on 
the half-plane (see Theorem 15. 3|) imply 

\\D{ipju)\\xp{^) < c{p,n)\\d{tpju)\\xp{^) 

< c{p,n){\\dipj\\oo\\u\\xp{s) + pM||xp(E)), = 1,2. 

We conclude that 

k+k' 

\\Du\\xp < \\D{tl;iu)\\xP(s) + ||-D(^2'")||xp(s) + ^ \\D{(pju)\\xp(s) 
< co\\u\\xp{^) + ci\\du\\xp(^), 
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with 

k+k'+l 

Co := c{p,n)(^\\d^pi\\co + \\dTl'2\\oc. + ^ ||a(^j||oo), ci := (fc + fc' + 2)c(p, n), 

j=o 

as claimed. □ 

The next resuh we need is the following theorem, proved in [RS951 Theorem 
7.1]. Consider two continuously differentiable Lagrangian paths A, : IR — > -S^in), 
assumed to be constant on [— oo,— sq] and on [so,+oo], for some sq > 0. De- 
note by Wl'j^iT., C") the space of maps u G W^^p{E, C") such that u(s,0) G A(s) 
and u{s,l) e i^{s), for every s e R (in the sense of traces). Let A g C°(IR x 
[0,1],L(IR2",IR2")) be such that A{±oo,t) e Sym(2n, R) for any t e [0,1], and 
define $",$+: [0,1] ^ Sp(2n) by (l5J8)l . 

5.11 Theorem. (Cauchy-Riemann operators on the strip) Let p g]1,+oo[, and 
assume that 

$-(l)A(-oo) n i^(-oo) = (0), $+(l)A(+(X)) n vi+oo) = (0). 
(i) The bounded R-linear operator 

Oa ■■ Wl'^^{^, C") ^ C"), dAU = du + Au, 
is Fredholm of index 

inddA = /i(<f>"A(-cx)), i/(-oo)) - /i(<I>"'"A(+oo), z/(+oo)) + ^(A, ly). 

(ii) If furthermore A{s,t) — A{t), A(s) = A, and zy(s) = v do not depend on s, 
the operator Oa is an isomorphism. 

Note that under the assumptions of (ii) above, the equation du + Au can 
be rewritten as dsU = —Lau, where La is the unbounded R-linear operator on 
L2([0,1],C") defined by 

domiA = Wl'liiO, 1], C") = {ue W^^^iiO, 1], C") I ii(0) G A, u{l) e v) , 

La = I— + a. 

dt 

The conditions on A imply that La is self-adjoint and invertible. These facts lead 
to the following: 

5.12 Proposition. Assume that A, \, and v satisfy the conditions of Theorem 
\5.11\ (ii), and set 6 := min (t(L^) n [0, -|-oo[> 0. Then for every A: G N there exists 
Ck such that 

\W{s, Ollc'llo,!]) < Ck\\u{Q, •)llL2([o,l])e"'^^ Vs > 0, 

for every u G iyi'P(]0, +oo[x]0, 1[, C"), p > I, such that u{s,Q) G A, u(s, 1) G v 
for every s > 0, and du + Au = 0. 
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Next we need the following easy consequence of the Sobolev embedding theo- 
rem: 

5.13 Proposition. Let s > and let Xs be the characteristic function of the set 
{z G E I |Rez| < s}. Then the linear operator 

X^P(E,C")^X«,(I],C"), u^xsu, 

is compact for every q < oo if p>2, and for every q < 2p/(2 — p) if I < p < 2. 

Proof. Let (uh) be a bounded sequence in X^^(S,C"). Let {V'i,'02} U {ifijjj^i 
be a smooth partition of unity of C satisfying (|5.20p . Then the sequences (ipiUh), 
(,^2Uh) and {(pjUfi), for 1 < j < fc + A:' are bounded in X^'P^E, C"). We must show 
that each of these sequences is compact in X'y{Y., C"). 

Since the X'' and X^'^ norms on the space of maps supported in S \ -B, /2(-5^) 
are equivalent to the L"^ and W^'^ norms, the Sobolev embedding theorem implies 
that the sequences (xs^iUh) and (xs^iUh) are compact in X^(S,C"). 

Let 1 < j < k. If u is supported in Br{sj), set v{z) :~ u(sj + z), so that by 



u 



1^ = / \u{zW\z\'^/'~'dsdt< f l-\u{z)\'^dsdt 

JBAs,)nJ: JBAs,)n^ 1^1 (5.21) 



L9([H + nD^)' 

Set Vhiz) := 'Pjisj + z)uh{sj + z). By (|5.16p . the sequence {^Vh) is bounded in 
W^'P(IH+ n D ^), hence it is compact in L'?(IH+ n D^) for every g < oo if p > 2, 
and for every q < 2p/{2 — p) if 1 < p < 2. Then (I5.2ip implies that {cpjUh) is 
compact in Xj^(S, C"). A fortiori, so is (xs'fijUh)- The same argument applies to 
j > k + 1, concluding the proof. □ 

Putting together Lemma [5.101 statement (ii) in Theorem lS.lli and the Propo- 
sition above we obtain the following: 

5.14 Proposition. Let 1 < p < oo. Assume that the paths of symmetric matrices 
^(±oo, •) satisfy the assumptions of Theorem \5.9l Then 

dA : X]f^y y,i^, C") ^ X^(S, C") 

is semi-Fredholm with mddA dimkcrc^A — dimcokcrc^A < +oo. 

Proof. We claim that there exist c > and s > such that, for any u G 
X]f r y,{^, C"), there holds 

ll^i||xi.p(s) < c{\\(d + A)u\\xp{s) + \\Xsu\\xp(^)) , (5.22) 

where Xs is the characteristic function of the set {z e E | \Kc z\ < s}. 
By Theorem 15.111 (ii) , the asymptotic operators 

d + A{+^, •) : (S, C") ^ ^^(E, C"), 
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are invertible. Since invertibility is an open condition in the operator norm, there 
exist s > max |Reo$^| + 2 and ci > such that for any u S X^^.^ ^/(S, C") with 
support disjoint from {|Rez| < s — 1} there holds 

\\u\\x^'P{S) = < ci||(9 + yl)w||ip(s) = ci\\(d + A)u\\xp(s)- (5.23) 

By Proposition 15. 101 there exists C2 > such that for every u G X^yy C") 
with support in {|Rez| < s} there holds 

||w||xi.p(s) < C2(||u|Up(s) + |!9u||xp(s)) 
< {c2 + \\A\\oo)\\u\\xp{j:) + C2\\(d + A)u\\xp{B)- 

The inequality ()5.22p easily follows from (I5.23|) and ()5.24|) by writing any u G 
(S, C") as M = (1 - ip)u + for a smooth real function on E having 
support in {|Re2| < s} and such that (/? = 1 on {|Rez| < s — 1}. 
Finally, by Proposition 15.131 the linear operator 

is compact. Therefore the estimate (|5.22p implies that Ba has finite dimensional 
kernel and closed range, that is it is semi-Fredholni with index less than +oo. □ 

It would not be difficult to use the regularity of weak solutions of the Cauchy- 
Riemann operator to prove that the cokcrnel of Ba is finite-dimensional, so that 
dA is Fredholm. However, this will follow directly from the index computation 
presented in the next section. 

5.5 A Liouville type result 

Let us consider the following particular case in dimension n = 1: 

fc=l, fc' = 0, y = {0}, Vo = (0), Vi = R, V^!,=R, A{z) = a, 

with a a real number. In other words, we are looking at the operator 9 + a on a 
space of C-valued maps u on E such that u{s) is purely imaginary for s < 0, u{s) is 
real for s > 0, and u{s+i) is real for every s S R. Notice that ^~{t) = ^~^{t) = e'"*, 
so 

e^"iRnR=(0) Va e R\ (7r/2 + 7rZ), e^"[RnR = (0) Va G R \ ttZ, 

so the assumptions of Theorem 15.91 are satisfied whenever a is not an integer 
multiple of tt/2. In order to simplify the notation, we set 

We start by studying the regularity of the elements of the kernel of da- 
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5.15 Lemma. Let p > 1 and a € IR \ (7r/2)Z. If u belongs to the kernel of 

then u is smooth onTi \ {0} , it satisfies the boundary conditions pointwise, and the 
function {Slu){C,) — u{C,'^) is smooth on Cl([H+)nDi. In particular, u is continuous 
at 0, and Du{z) = 0(|z|"i/2) j-^^ z ^ 0. 

Proof. The regularity theory for weak sohitions of 9 on C and on the half-plane IH 
(Theoreni l5.4p implies - by a standard bootstrap argument - that u € C°°(S]\{0}). 
We just need to check the regularity of u at 0. 

Consider the function /(C) := e"^'' ^^u{C^) on H+ n Di. Since 

9/(0 = 2Ce"«'/2(a«(C') + auie)) = 0, 

/ is holomorphic on IH+ n Di. Moreover, by (|5.16|) the function / belongs to 
W^'P{¥\+ n Di), and in particular it is square integrable. The function / is real 
on IR"*" and purely imaginary on ilR"*", so a double Schwarz reflection produces a 
holomorphic extension of / to Di \ {0}. Such an extension of / is still square 
integrable, so the singularity is removable and the function is holomorphic on 
the whole Di. It follows that 

(^u)(C) = zi(C')=e-"^'/V(C) 

is smooth on C1(IH+) n Di, as claimed. □ 

The real Banach space XpCS) is the space of LP functions with respect to the 
measure defined by the density 

, , _ J 1 if z e S \ D^, 

Pp[z) ■- I |^|p/2-i if ^ e snD,. 

So the dual of X^'(E) can be identified with the real Banach space 



(5.25) 



\v £ iioc(S, C) I / \v\'^pp{z) ds dt < +00 \ , where - + i = 1, 

by using the duality paring 

(XP(E))* X XP(E) -> R, {v,u)^Re {v,u) pp{z) ds dt. 

We prefer to use the standard duality pairing 

{XP{T.))* y. XP{T.) ->^, {w,u) >^Re J {w,u)dsdt. (5.26) 

With the latter choice, the dual of X^'(E) is identified with the space of functions 
w = pp{z)v, where v varies in the space (|5.25l) . From 1/p + 1/q = 1 we get the 
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identity 



\w\idsdt+ / \w\'i\z\''/^-Usdt 

T.\Dr JSnD,- 



\v\''dsdt+ / |t-|«|z|(P/2-i)9|z|''/2-idsdt 
v\''dsdt+ [ \v\'^\z\P^^-Usdt= [ \v\''pp{z)dsdt, 

which shows that the standard duality paring (|5.26p produces the identification 

=X«(I]), for- + i = l. 

p q 

Therefore, we view the cokernel of da ■ X^'''(S) X^'(S) as a subspace of X'^(S). 
Its elements are a priori less regular at than the elements of the kernel: 

5.16 Lemma. Letp > 1 and a e R\{n/2)Z. Ifv G X''{J:), l/p+l/q= 1, belongs 
to the cokernel of 

then V is smooth on T, \ {0}, it solves the equation dv — av — with boundary 
conditions 

v{s) e R, v{-s) e iR Vs > 0, , . 

v{s + i)eR VseR, ^ ' 

and the function = 2C^v{(^'^) is smooth on C1(IH+) H Di. In particular, 

v{z) = 0(|z|-i/2) ^ o(|2|-3/2) ^ _^ 0. 

Proof. Since u e annihilates the image of da, there holds 

Re / {v{z),du{z) + au{z))dsdt^O, (5.28) 

for every u g X^'''(I]). By letting u vary among all smooth fimctions in X^'''(S) 
which are compactly supported in S]\ {0}, the regularity theory for weak solutions 
of d (the analogue of Theorem l5.4p and a bootstrap argument show that v is smooth 
on E\{0} and it solves the equation dv~av — with boundary conditions (|5.27[) . 
It remains to study the regularity of v at 0. 

Set w{C) := {^v){C) = 2Cw(C^)- By (|5l4l) . the function w is in L9(H+ n Di). 
Let Lp £ C^(C1(IH+) n Di) be real on IR+ and purely imaginary on ilR+. Then the 
fimction u defined by w(C^) = f{C) belongs to X^'P{T,), and by (|5.28p we have 

= Re / {v,du + au)dsdt^4:Re [ \C^\{^w{C), ^dip{C) + aLp{C)) dadr 

= Re f {w{0,MC)+2aCipiO)dadT. 
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The above identity can be rewritten as 



Re / {w{C),dip{C))dadT = -Re / {2aCwiC),^{C)) dadr, 
JjH+nDi JiH+nDi 

so w is a weak solution of dw = 2a(w on C1(IH''") fl Di with real boundary condi- 
tions. Since w is in L«(IH+ n Di), Lemma [571 implies that w is in W^i'«(IH+ n Di). 
In particular, w is square integrable on [H+ n Di, and so is the function 

/(C) := e-'^^'/MO- 

The function / is anti-holomorphic, it takes real values on IR+ and on so by 
a double Schwarz reflection it can be extended to an anti-holomorphic function 
on Di \ {0}. Since / is square integrable, the singularity is removable and / is 
anti-holomorphic on Di. Therefore 

is smooth on C1(IH+) n Di, as claimed. □ 

We can finally prove the following Liouville type result: 
5.17 Proposition. //O < a < tt/2, the operator 

da ■■ xi'P(s) ^ xp{j:) 

is an isomorphism, for every 1 < p < oo. 

Proof. By Proposition 15. 141 the operator da is semi-Fredholm, so it is enough to 
prove that its kernel and co- kernel are both (0). 

Let u e X^'PCS) be an element of the kernel of da- By Proposition 15.121 
u{z) has exponential decay for |Rez| +oo together with all its derivatives. By 
Lemma [5.151 u is smooth on E\{0}, it is continuous at 0, and Du{z) = 0(|z|~^/^) 
for z — > 0. Then the function w :— belongs to M^^'^(S],C) for every q < A. 
Moreover, w is real on the boundary of S, and it satisfies the equation 

dw + 2aw — 0. 

Since < 2a < tt, e^"'IR n R = (0), so the assumptions of Theorem 15. Ill (ii) are 
satisfied, and the operator 

is an isomorphism. Therefore w = 0, hence m = 0, proving that the operator da 
has vanishing kernel. 

Let V e 1/p+l/q — 1, be an element of the cokernel of da- By Lemma 

15.161 V is smooth on S \ {0}, v{s) £ iR for s < 0, v{s) € IR for s > 0, solves 
dv — av = 0, and the function 

u;(C) := 2C«(C') (5.29) 
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is smooth in C1(IH"'") n Di and real on the boundary of H"*". In particular, v{z) = 
0(|z|~^/^) and Dv{z) — 0{\z\~^/'^) for z — > 0. Furthermore, by Proposition l5.121 v 
and Dv decay exponentially for |Rez| +00. More precisely, since the spectrum 
of the operator La on L^([0, 1], C), 

is a + ttZ, we have min (t(Lc() H [0, +00) = a, hence 

|w(z)| < ce-"l^°^l, for|Rez|>l. (5.30) 

If ti;(0) = 0, the function v vanishes at 0, and Dv{z) = 0(|z|~^) for z — > 0, so 
v"^ belongs to W^||^'^(S, C) for any g < 2, it solves dv"^ — 2aw^ — 0, and as before 
we deduce that v — Q. Therefore, we can assume that the real number w(0) is not 
zero. 

Consider the function 

/:E\{0}^C, /(z) := e-^/^^). 

Since dv — av, 

df{z) = -ae~°''^''^v{z) + e-"^/29^(z) = e-"^/2(-aT7(z) + m7(z)) = 0, 

so / is holomorphic on the interior of S. Moreover, / is smooth on S \ {0}, and 

/(s) = e"""/^w(s) e m for s < 0, /(s) = e-^'/^^jjj-g) ^ 5^ for s > 0, (5.31) 
/(s + i) = e~"^/2iJ(s + i)e"^/2 g gai/2j^ f^j. g g (-5 

Denote by -^z the determination of the square root on C \ IR~ such that ^/z is real 
and positive for z real and positive, so that ^/z = V?- By (|5.29p . 

/(z) = _e-"^/2^w(Vi) - ^ + o(|z|-i/2) for z ^ 0. (5.33) 

Finally, by (jOII)) . 

lim /(z) = 0. (5.34) 

|Rc 2 I — >+OQ 

We claim that a holomorphic function with the properties listed above is neces- 
sarily zero. By (|5.33p . setting z = pe^* with p > and < < tt, 

f{z) = ^e^o^'^ + o{\pr'^) forp^O. 

Since w{Q) is real and not zero, the above expansion at shows that there exists 
p > such that 

/(z)e U e^''R, Vz e (Bp(0) n E) \ {0}. (5.35) 

ee]-7r/2-a/4,a/4[ 
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If / = on IR + «, then / is identically zero (by reflection and by analytic con- 
tinuation), so we may assume that /(R + i) ^ {0}. By (|5.32p the set /(R + i) is 
contained in Re"*/^. Since / is holomorphic on Int(S), it is open on such a domain, 
so we can find 7 G]a/4, a/2[U]Q!/2, 3q!/4[ such that /(Int(I])) n Re'^* ^ {0}. By 
([04]) and ([OS]) there exists z G E \ i?p(0) such that 

/(z)eRe^\ |/(z)|=sup|/(E\{0})nRe^'| >0. (5.36) 

By (|5.31[) and (|5.32[) . z belongs to Int(I]), but since / is open on Int(E) this fact 
contradicts (j5.36p . Hence / = 0. Therefore v vanishes on S, concluding the proof 
of the invertibility of the operator da ■ □ 

If we change the sign of a and we invert the boundary conditions on R we still 
get an isomorphism. Indeed, if we set w(s, t) :— u{—s, t) we have 

d-av{s, t) — dv{s, t) — av[s, t) — —du{—s, t) + au{—s, t) = — 9qu(— s, t), 
so the operators 

■ "^{0},((0),K),(K)(^'''^) ^ -'^{o}(^'''^)' 
•^-^ ■ ^{6},(IR,(0)),([R)(^''^) ^ ^{0}(^''C) 

are conjugated. Therefore Proposition 15. 1 71 implies: 

5.18 Proposition. //O < a < tt/2, the operator 

d-a ■ (-g^j_j|^^(I], C) X|'gj(i;, C) 

is an isomorphism. 

5.6 Computation of the index 

The computation of the Frcdholm index of Oa is based on the Liouville type results 
proved in the previous section, together with the following additivity formula: 

5.19 Proposition. Assume that A,Ai,A2 G C°(R x [0, 1], L(R2", R^")) satisfy 

Ai(+oo,t) = A2{-<x,,t), A(-oo,t) = Ai(-oo,t), 
A(+CX),i) = ^2(+oo,t), VtG[0, 1]. 

Let ri = (K), . . . , Vk), r2 = [Vk, . . . , Vk+h), n = {VL ■ • • , 14' ), n = (^4', • • • , vL^+w) 

he finite ordered sets of linear subspaces o/R" such that Vj and Vj+i, Vj and V^'+i 
are partially orthogonal, for every j. Set — (Vq, . . . , 14, Vk+i, . . . , Vk+h) and 
r = iy^, .'. . , Ffe',, FfeVi, . . . , YL,+h')- ihat (Ai, ^1, r/) and (^2, ^2, n) 

satisfy the assumptions of Theorem \5.9l Let he a set consisting of k points in 
R and k' points in i + R, let 5^2 be a set consisting of h points in R and h' points 
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in i + R, and let .y be a set consisting of k + h points in R and k' + h' points in 
i + R. For p g]1,+oo[ consider the semi-Fredholm operators 

dA ■■ X^^^^^,(S,C") ^ X^(I],C"). 

ind Oa ~ ind + ind Oai ■ 

The proof is analogous to the proof of Theorem 3.2.12 in [Sch95| . and we omit 
it. When there are no jumps, that is ^ = and Y = {V), 1^' = {V), Theorem 
15.111 shows that the index of the operator 

dA : C") = <'.V_^.^,(S, C") LP{^, C") = XP(S, C") 

is 

ind^A = ^l{<^-N*V,N*V')-' ^l{<^+N*V,N*V'). 
In the general case, Proposition 1 5 . 1 91 shows that 



ind [Oa : X^^.^^^,(E,C") ^ X^(S,C")) 
= Ai($-7V*yo, 7V*K) - t^{'^^N*Vk, N*Vl,) + c(Fo, . . . , V^; V(,, . . . , y,',), 
where the correction term c satisfies the additivity formula 
c{Vo,...,Vu+h-X.----X'+H') 

= c(yo, . . . , Fo', . . . , y,:,) + c{Vu, . . . , . . . , 



(5.37) 



(5.38) 



Since the Maslov index is in general a half-integer, and since we have not proved 
that the cokernel of Ba is finite dimensional, the correction term c takes values in 
(1/2)ZU {— oo}. Actually, the analysis of this section shows that c is always finite, 
proving that Oa is Fredholm. 

Clearly, we have the following direct sum formula 

c(K. ®Wo,...,Vu® Wu-X © W^o, • ■ • , K' ® ^w) ,^ 
= c(K), . . . , ^fe; ■ • ■ , ^fc') + c(M^o, . . . , W^fc; M^o> ■ • ■ , W^fc')- 



Note also that the index formula of Theorem 15.111 produces a correction term of 
the form 

c{\-v) ^ ii{\v), (5.40) 

where A and v are asymptotically constant paths of Lagrangian subspaces on C" . 
The Liouville type results of the previous section imply that 

c((0), R"; R") = - 2 - c(R", (0); R"). (5.41) 

Indeed, by Proposition 15. 171 the operator 

9a/ : -''^{6},((0),|R"),([R-)(^' C") -> X|'gj(I],C") 
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is an isomorphism if < a < 7r/2. By (|5.5p . the Maslov index of the path e'"*IR", 
t G [0, 1], with respect to R" is —n/2. On the other hand, the Maslov index of 
the path e*"SlR", t G [0, 1], with respect to R" is because the intersection is (0) 
for every t S [0, 1]. Inserting the information about the Frcdholm and the Maslov 
index in (I5.37p . we find 

= inda„, = - + c((0),R";(0)), 

which implies the first identity in (j5.4ip . The second one is proved in the same 
way by using Proposition 15.181 

5.20 Lemma. Let {Vq, Vi, . . . , Vk) be a {k + l)-tuple of linear subspaces of R", 
with Vj-i and Vj partially orthogonal for every j — 1, . . . , k, and let W be a linear 
subspace of R" . Then 

c{Vo,...,Vk;W) = c{W;Vo,...,Vk) 
1 

= - - ^ (dim Vj-i + dim Vj - 2 dim Vj-i DVj). 

Proof. Let us start by considering the case W ~ R". By the additivity formula 
((08l) . 

fc 

c(Fo, . . . , 14; R") = 51 R")- 

Since Vj-i and Vj are partially orthogonal, R" has an orthogonal splitting R" = 
Xi ® X^ ® X| © xi where V,_i = Xf © X| and V,- = X( © X| . By the direct 
sum formula (|5.39p and by formula (|5.4ip . 

c(VS-i, y,; R") = c{Xi,Xi;Xi) + c(X|, (0); X^) + c((0), + c((0), (0); ^i) 

= - i dimX^ - i dimX:'' + = -i dimX^ © X^^ 
2 2 2 3 2^3 

Since 

dim X| © X| = dim V, - 1 + dim Vj - 2 dim V;, - 1 H Vj , 

the formula for c(Vb, . . . , Vfc; R") follows. 

Now let A : R ^(n) be a continuous path of Lagrangian subspaces such 
that A(s) = R" for s < —1 and A(s) = N*W for s > 1. By an easy generalization 
of the additivity formula (j5.38p to the case of non-constant Lagrangian boundary 
conditions, 

ciN*Vo; A) + c{Vo, . . . ,Vk;W) = c(1/o, ■■■,Vk; R") + ciN*Vk;X). (5.42) 

By ^M, c{N*Vo;X) = -fi{X,N*Vo) and c{N*Vk;X) = -fi{X,N*Vk), so (l5:42ll 
leads to 

c(Fo, . . . , w^) = c(Fo, . . . , R") - (/i(A, iv*yfc) - ^i{x, n*Vo)) 

= c(l/o, . . . , R") - h{N*Vo,N*Vk; R'\N*W), 
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where h is the Hormander index. By Lemma 15.21 the above Hormander index 
vanishes, so we get the desired formula for c{Vo, ■ ■ ■ ,Vk;W). The formula for 
c{W; Vq,. . . , Vk) follows by considering the change of variable v{s,t) = u{s, 1 — 
t). □ 

The additivity formula (|5.38p leads to 

ciVo, ...,Vk-X,..., vl,) = c{Vo, . . . , Vk-X) + K,', • • • , v[,), 

and the index formula in the general case follows from (j5.37p and the above lemma. 
This concludes the proof of Theorem 15.91 



5.7 Half-strips with jumping conormal boundary conditions 

This section is devoted to the analogue of Theorem 15.91 on the half-strips 

i;+ := {z e C I < Iniz < 1, Re z > 0} 
and := {z e C I < Imz < 1, Rez < 0}. 

In the first case, we fix the following data. Let k,k' > be integers, let 

= So < si < ■ ■ ■ < Sk < Sk+i = +00, = Sg < s';^ < • • • < sj., < s'i^,^i = +00, 

be real numbers, and let W, Vq, . . . ,Vk, Vq, . . . ,Vl, be linear subspaces of R" such 
that Vj-i and Vj, V-_i and Vj , W and Vq, W and Vq, are partially orthogonal. We 
denote by f the (fc + l)-tuple {Vq, Vk), by f the (fc' + l)-tuple X, V^,), 
and by =5^ the set {si, . . . , Sk, s[ + i, . . . , s'j,, + i}. The and X^'P norms on 
are defined as in Section [5?3l and so are the spaces XP,(E+,C") and X]/{^+,U'). 
Let X^^^^^ y,(S"'", C") be the completion of the space of maps u G c(^^' 'C") 
satisfying the boundary conditions 

uiit) €N*W Vt e [0, 1], it(s) e N*Vj Vs e [sj,Sj+i], 

u{s + i) e N*V^ Vs e [4,4+1], 

with respect to the norm ||m||xi.p(s+) • 

Let A e C°([0, +00] X [0, 1],L(IR2", IR2")) be such that A(+oo,t) is symmetric 
for every t e [0, 1], and denote by <f>+ : [0, 1] Sp(2n) the solutions of the linear 
Hamiltonian system 

= a(+oo,i)$+(i), $+(0)=/. 

Then we have: 

5.21 Theorem. Assume that <^+{l)N*Vk D N*Vl, = (0). Then the R-lmear 
bounded operator 

dA ■■ X]f^^.^ y,{i:+, C") ^ XP,{J:+, C"), Oau = du + An, 
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is Fredholm of index 



inddA fi{^+N*Vk,N*Vl,) 




(5.43) 




Proof. The proof of the fact that Oa is semi-Fredholm is analogous to the case 
of the fuU strip, treated in Section 15.41 It remains to compute the index. By an 
additivity formula analogous to (I5.38|) . it is enough to prove ()5.43p in the case 
with no jumps, that is k — k' — 0, Y = (Vb), i^' = {Vq). In this case, we have a 
formula of the type 



and we have to determine the correction term c. 

Assume W — (0), so that N*W = ilR". Let us compute the correction term 
c when Vq and Vq are either (0) or R". We can choose the map A to be the 
constant map A{s,t) = al, for a G]0,7r/2[, so that ^~^{t) = e*"*. The Kernel and 
co-kernel of dai are easy to determine explicitly, by separating the variables in the 
corresponding boundary value PDE's: 

(i) If Vq — Vq = R", the kernel and co- kernel of dai are both (0). Since 
/i(e'"*R", R") = -n/2, we have c((0); R"; R") = -n/2. 

(ii) If Vo = K = (0), the kernel of dai is iR"e-"", while its co-kernel is (0). 
Since /i(e*"*iR", iR") = -n/2, we have c((0); (0); (0)) = n/2. 

(iii) If either Vq = R" and V^ = (0), or Vb = (0) and T^' = IR": the kernel and 
co-kernel oidd are both (0). Since At(e^"*R", (0)) = A<(e'"*(0), R") = 0, we 
have c((0); R"; (0)) = c((0); (0); R") = 0. 

Now let W, Vq, and Vq be arbitrary (with W partially orthogonal to both Vq 
and Vq')- Let U € U(n) be such that UN*W = iR". Then UN*Vo = N*Wo and 
UN*V^ = N*W^, where 

Wq = (Vb n w)^ n (Vb -i- w), Wq = {Vq n w)^ n {Vq + w). 

By using the change of variable v — Uu, we find 



ind Oa 



tii<i>+N*VQ,N*Vi) + ciW; Vq; V^), 



c(W^;Vb;K) = c((0);W^o;W^o)> 



(5.44) 
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and we are reduced to compute the latter quantity. By an easy homotopy argu- 
ment, using the fact that the Fredholm index is locally constant in the operator 
norm topology, we can assume that Wq and Wq are partially orthogonal. Then 
R" has an orthogonal splitting R"- = Xi ® X2 ® X3 (B X4, where 

Wo = Xi®X2, W^ = Xi®X3, 

from which 

N*Wo = Xi ® ^2 ® iXs e iXi, N*W^ ^Xi® iX2 ® X3 ® iX^. 

Then the operator dai decomposes as the direct sum of four operators, whose 
index is computed in cases (i), (ii), and (iii) above. Indeed, 

c((0);PFo;W^o) =^dimX4-idimXi 

= icodim(Wo + W^o) " ^ dim Wq n Wq 
= i(n — dim VFo - dimV^p). 

Since 

dim Wo = dim(Vb + W)- dim VoHW = dim Vq + dim W - 2 dim Wq n W, 
dim Wq = dimiVo +W)- dim VoHW ^ dim + dim - 2 dim Wq n W, 

we find 

71 1 

c((0); Wo; Wq) = - - -(dim + dim W - 2 dim Wq D W) 

- i(dim + dim W - 2 dim Wq D W). 

Together with (|5.44p . this proves formula (|5.43p . □ 

We conclude this section by considering the case of the left half-strip E^. Let 
fc. A:' > 0, r = {Vo, . . . , Vfe), and r' = (V^', . . . , T^', ) be as above. Let 

-00 = Sk+l < Sk < ■ ■ ■ < Si < Sq = 0, -00 = < Sfc, < • • • < S'l < Sg = 0, 

be real numbers, and set — {si, . . . , Sk, s[ + . . . , s'^ -|- «}. 

Let X^F^ y y, (E~ , C") be the completion of the space of maps u G c(^~ ' '^") 
satisfying the boundary conditions 

u{it) € N*W yt e [0, 1], u{s) e N*Vj Vs e [sj+i,Sj], 

with respect to the norm ||u||xi.p(s-)- 
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Let A e C°([-oo,0] X [0, 1], L(R2ri j^2ri-)) ^^^^ ^Yia.t A{-oo,t) is symmetric 
for every t G [0, 1], and denote by <i>~ : [0, 1] Sp(2n) the solutions of the hnear 
Hamiltonian system 

Then we have: 

5.22 Theorem. Assume that ^-{l)N*Vk n N*Vl, = (0). Then the R-linear 
operator 

9a :X^V,r,r'(S~'C")^XP,(I]-,C"), dAU^du + Au, (5.45) 
is bounded and Fredholm of index 

— n 1 

ind Oa = -+ ^i{'P^N*Vk,N*Vl,) - -(dim Vq + dim W -2 dim Vq n W) 

- i (dim + dim - 2 dim Vq D W) 
^ k 

- - ^(dim Vj-i + dim Vj - 2 dim Vj^i f] Vj) ^^■'^^> 

i=i 

1 

- - ^(dimy/_i + dim V^' - 2dimV,Li <^Vj)- 

Indeed, notice that if u{s, t) — v{—s, t), then 

-(du{s, t) + A{s, t)u{s, t)) = C(dv{-s, t) - CA{s, t)Cv{-s, t)), 

where C is denotes complex conjugation. Then the operator (|5.45p is obtained 
from the operator 

Ob ■■ X1'^,^,.^,^,(E+,C") ^ XP_y{^+,C^), Obv = dv + Bv, 

where B{s,t) ~ —CA(—s,t)C, by left and right multiplication by isomorphisms. 
In particular, the indices are the same. Then Theorem 15.221 follows from Theorem 
15.211 taking into account the fact that the solution of 

4-$+(0 = iB(+oo, t)<i>+(t), $+(0) = /, 
dt 

is $+(i) = C^-{t)C, so that 

ti{^+N*Vk,N*Vl,) = fiiC<l>~CN*Vk,N*Vl,) = ~fi{<i>- N*Vk, N*V^,). 
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5.8 Nonlocal boundary conditions 

It is useful to dispose of versions of Theorems l5.9l[??^ and l5.22[ involving nonlocal 
boundary conditions. In the case of the full strip E, let us fix the following data. 
Let fc > be an integer, let 

— oo — sq < si < ■ ■ ■ < Sk < Sk+1 = +00 

be real numbers, and set ^ :— {si, sj., si +«,..., Sfc + «}. Let Wq, Wi, . . . , 
be linear subspaces of R" x R" such that Wj-i and Wj are partially orthogonal, 
for j = 1, . . . , A:, and set #' = {Wq, Wk). 

The space X^^^(I],C") is defined as the completion of the space of all u G 
C;^_^(S,C") such that 

{u{s),u{s + i)) e N*Wj, Vs G [sj-,Sj+i], j = 0,...,k, 

with respect to the norm ||u||xi.p(s) • 

Let A G C°{Rx [0,1],L(IR2",|R2")) be such that A{±oo,t) G Sym(2n, R) for 
every t G [0,1], and define the symplectic paths (f>+,$^ : [0,1] Sp(2n) as the 
solutions of the linear Hamiltonian systems 

= iyl(±oo,t)$±(t), $=^(0) = /. 

Denote by C the complex conjugation, and recall from Section 15.11 that $ G 
L(IR^",IR^") is symplectic if and only if graph $C is a Lagrangian subspace of 
(R^" X R^^,LUo X luq). Then we have the following: 

5.23 Theorem. Assume that graphC$"(l) n N*Wq = (0) and graphC<I>+(l) n 
N*Wk = (0). Then for every p g]1, +oo[ the R-linear operator 

Oa ■■ C") ^ C"), u^du + Au, 

is bounded and Fredholm of index 

inddA =M(graph$"C,7V*IFo) -M(graph$+C,7V*IFfe) 

1 

- - ^ (dim Wj^i+ dim Wj - 2 dim VK,_ 1 n Wj ) . 

Proof Given u : E -> C" define u : C^" by 

u{z) := {u{z/2),u(z/2 + i)). 
The map u t-^ u determines a linear isomorphism 

where J?^' = {2si, . . . , 2sk, 2si+i, . . . , 2sfc+i}, ^T' is the (fc+l)-tuple (Ak« , . . . , A^-), 
and we have used the identity 

N*Ak^ = graph C = | w G C"}. 
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The map u i—^ -5/2 determines an isomorphism 

G :X^^(S,C") -^X^,(I],C2"). 
The composition G o dA° is the operator 



where 

i(^) := i (^(2/2) ® C7A(0/2 + i)C) . 

Since 

i(±oo, <) = ^ (A(±cx), i/2) ® CA(±oo, 1 - i/2)C) , 
we easily see that the solutions of 

^I.±(0=zi(±oo,i)|.±(t), $±(0)-/, 

are given by 

|.±(t) = $±(t/2) © C<I>±(1 - i/2)$(l)"iC. 
The above formula implies 

^^{t)-^N*AR,^ = graph C$=^(l)$=^(l - t/2)-^<^>^{t/2). (5.47) 

For t = 1 we get 

$-(l)iV*WonAr*AK. =$-(l)[A^*W^on graph C$-(l)] = (0), 
^+{l)N*Wk n N*ARn = ^+{l)[N*Wk n graph C$+(l)] = (0), 

so the trans versality hypotheses of Theorem l5.9l are fulfilled. By this theorem, the 
operator Oa = o d^o F is Fredholm of index 

ind^A = ind9^ = N*Wo, N* A^r.) - N*Wk, N* A^r^) 

^ (5.48) 



i ^(dim Wj-x + dim - 2 dim Wj-i n Wj 



2 

The symplectic paths t ^ $±(1)$±(1 - t/2)-'^^^{t/2) and t ^ ^^{t) are homo- 
topic by means of the symplectic homotopy 

which fixes the end-points / and $^(1). By the symplectic invariance and the 
homotopy invariance of the Maslov index we deduce from (|5.47p that 

/x(l>-^*VFo,iV*AK„) ^^l{N*Wa,^-{■T^N*A^r.) 

= m(^*VFo, graph C$"(l)$"(l - ■ 12)-'^^- {■ /2)) (5.49) 
= /i(7V*Wo, graph C<I>-) = ^^(graph $"(7, TV* Wq), 
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where the lest equality is obtained by applying the anti-symplectic involution C 
to both arguments. Similarly, 

/i(l>+Ar*W'fe,7V*AK.) =Ai(graph$+C,7V*Wfc). (5.50) 

The conclusion follows from (|?^ . and □ 

In the case of the right half-strip E+, we fix an integer /c > 0, real numbers 

= So < Sl < • • • < Sfc < Sfe+l = +QO, 

a linear subspace Vq C R" and a (fc + l)-tuple W ~ (Wq, . . . , W/c) of linear sub- 
spaces of R" X R", such that Wq and Vb x Vo are partially orthogonal, and so are 
Wj-i and Wj, for every j = 1, . . . , /c. Set ^ = {si, . . . , s^, si + i, . . . , + i}, and 
let X]^y^ ^(E+jC") be the completion of the space of maps u e C^^(E+,C") 
such that 

u(zt) e Fo e [0,1], (u(s),u(s + z)) e iV*M(,-, Vse j = 0,...,A:, 

with respect to the norm ||m||xi.p(s+) • 

Let A e C''([0,+oo] x [0, 1], L(R2»^ R2n)) g^^j^ ^^isit A{+oo,t) e Sym(2n, R) 
for every t G [0,1], and let <i>^ : [0,1] Sp(2n) be the solution of the linear 
Hamiltonian systems 

— ^+(t)=iA(+oo,m+(t), $+(0)=/. 
at 

Then we have: 

5.24 Theorem. Assume that graph C$+(l) n N*Wk = (0). Then for every 
p €]1, +oo[ the R-linear operator 

dA : C") ^ X^(E+, C"), u^du + Au, 

is bounded and Fredholm of index 

— n 1 

ind = 2 ~ ^(g^^P^ - 2 VFo + 2 dim Vq - 2 dim Wq D (Vo x Vq)) 

1 

- - ^(dim Wj-i + dim - 2 dim Wj_i n TV^j). 

Proof. By the same argument used in the proof of Theorem [5231 the operator Oa 
is Fredholm and has the same index as the operator 

9^:^Xyoxyo,,r,,r'(S+'C2")^^^'(S+,C2"), u^du + Au, 

where ^' := {2si, . . . , 2sfe, 2si-hi, . . . , 2sfc+i}, is the (fc-hl)-tuple {A^r^ , . . . , A^r^ ), 
and 

i(z) := i(A(z/2) e CA(z/2 + i)C). 
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By Theorem 15.211 and by (|5.50p , the index of this operator is 
inda^ ==n-^(graph$+C, 7V*VFfc) 

- ^(dim A[R,i + diniK) x - 2dim A[Rn {Vo x Vq)) 

- i(dim Wo + dim Vq x Vq - 2 dim Wq D {Vq x Vq)) 
1 

- - ^(dim Wj-i + dim Wj - 2 dim Wj^i Wj) 

= n- /i(graph TV* W^fe) - - 

- ^(dim 1^0 + 2 dim K) - 2 dim Wq n (Fq x Vq)) 
1 ^' 

- - ^ (dim Wj-i+ dim VFj - 2 dim VKj_ i n W;,- ) . 

The desired formula foUows. □ 

In the case of the left half-strip E^, let fc, Vq, be as above, and let ,5^ = 
{si, . . . , Sfc, si + i, . . . , Sfe + i} with 

= So > si > • • • > Sfc > Sfe+i = -oo. 

Let X^y^ ^(S^, C") the completion of the space of all maps u e ^(S", C") 
such that 

u(zt) e Vt e [0,1], (u(s),u(s + 2)) e iV*T4^j, Vse [sj+i,Sj], j = 0,...,A:, 

with respect to the norm ||u||xi,p(s-)- 

Let A e C°([-cx),0] X [0, 1],L(IR2", |R2")) be such that A(-oo,t) is symmetric 
for every t £ [0,1], and let $^ : [0,1] Sp(2n) be the solution of the linear 
Hamiltonian systems 

^<i>-(t)=zA(-oo,i)$+(t), $-(0) = /. 

Then we have: 

5.25 Theorem. Assume that graphC$^(l) n N*Wk = (0). Then for every 
p e]l, +oo[ the R-linear operator 

dA ■■ x]/y^^^{^- ^ XP^i^- u^du + Au, 

is bounded and Fredholm of index 
fi 

inddA ti{gi-&ph^-C,N*Wk) 

- i(dim Wo + 2 dim Vq - 2 dim Wq n (Vb x Vo)) 
1 ^ 

- -^(dimVF,_i +dimVFj - 2dimVFj_i n Wj). 
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5.9 Coherent orientations 



As noticed in [AS06b[ Section 1.4], the problem of giving coherent orientations for 
the spaces of maps arising in Floer homology on cotangent bundles is somehow 
simpler than in the case of a general symplectic manifolds, treated in [FH93j for 
periodic orbits and in [FOOO09] for more general Lagrangian boundary conditions. 
This fact remains true if we deal with Cauchy-Riemann type operators on strips 
and half-strips with jumping conormal boundary conditions. We briefly discuss 
this issue in the general case of nonlocal boundary conditions on the strip, the case 
of the half-strip being similar (see |AS06b( Section 3.2]). 

We recall that the space Fied{E, F) of Fredholm linear operators from the real 
Banach space E to the real Banach space F is the base space of a smooth real 
non-trivial line-bundle det(Fred(i?, i^)), with fibers 

det{A) := A'°'''^(ker A) ® (A'"''''(cokcr A))*, VA e Fred(£;,F), 

where A™^'^(y) denotes the component of top degree in the exterior algebra of the 
finite-dimensional vector space V (see |Qui85 ). 

Let us recall the setting from Section 15.81 We fix the data k > 0, = 
{si, ...,Sk,Si+i,...,Sk + i}, with si < • • • < s^, and W = (W^o, ■ • • , W^fc), where 
Wq, . . . , Wk are linear subspaces of R" x R", such that Wj-i is partially orthogonal 
to Wj, for j = l,...,k. Let : [0,1] Sym(IR") be continuous paths of 
symmetric matrices such that the linear problems 

f w'{t) =iA-{t)w{t), ( w'{t) =iA+{t)w{t), 

[ iw{0),Cwil)) € N*Wo, \ {w{0),Cw{l)) € N*Wk, 

have only the trivial solution w = 0. Such paths are referred to as non- degenerate 
paths (with respect to Wq and Wk, respectively). Fix some p > 1, and let 
^j^,w(A~ , j4+) be the space of operators of the form 

dA ■■ ^]iV(^' C") ^ XP.(S, C"), du + Au, 

where A £ C°(R x [0, 1], L(R2"^ R2n)) -g ^^^^i that A(±oo,t) = A^{t) for every 
t e [0, 1]. By Theorem [5l23l 

^^,^(A-,A+) c Fred(X^P^(I],C"),X^(E,C")). 

It is actually a convex subset, so the restriction of the determinant bundle to 
^s'^'^iA^ ,A+) - that we denote by det(^^,^(>l" , ^+)) - is trivial. 

Let 6 be the family of all subsets of S consisting of exactly k pairs of opposite 
boundary points. It is a fc-dimensional manifold, diffeomorphic to an open sub- 
sets of R'^. An orientation of det(^^^^(A~, ^+)) for a given .5^ in 6 uniquely 
determines an orientation for all choices of S^' G 6. Indeed, the disjoint unions 

□ x^V(s,c"), □ X^(S,C"), 
j^es .yee 

define locally trivial Banach bundles over 6, and the operators Oa define a Fred- 
holm bundle-morphism between them. Since 6 is connected and simply connected. 
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an orientation of the determinant space of this operator between the fibers of a 
given point ,5^ induces an orientation of the determinant spaces of the operators 
over each S^' e S. 

The space of all Fredholm bundle-morphisms between the above Banach bun- 
dles induced by operators of the form with fixed asymptotic paths A~ and 
is denoted by An orientation of the determinant bundle over this 

space of Fredholm bundle-morphisms is denoted by o#'(A~, A^). 

Let W = (Wo, . . . , Wfc), W = (Wfe, . . . , Wfe+fe/) be vectors consisting of con- 
secutively partially orthogonal linear subspaces of R" x R", and set 

Wj^W (Wo,...,Wfc+fcO- 

Let Aq, Ai, A2 be non-degenerate paths with respect to Wq, W^, and Wk+k' , re- 
spectively. Then orientations o-^{Ao,Ai) and 0^/(^1,^2) of det{^^-^{Ao, Ai)) 
and det(f^#-' {Ai, A2)), respectively, determine in a canonical way a glued orienta- 
tion 

o^iAo,Ai)#ow'{Ai,A2) 

of det(^^#^'(v4o, ^2))- The construction is analogous to the one described in 
pH93, Section 3]. This way of gluing orientations is associative. A coherent 
orientation is a set of orientations o~^{A^ , A'^) for each choice of compatible data 
such that 

ow#w{Ao, Ai) = owiAo,Ai)^owiAi,A2), 

whenever the latter glued orientation is wcU-dcfincd. The proof of the existence 
of a coherent orientation is analogous to the proof of Theorem 12 in [FH93| . 

The choice of such a coherent orientation in this linear setting determines ori- 
entations for all the nonlinear objects we are interested in, and such orientations 
are compatible with gluing. As mentioned above, the fact that we are dealing 
with the cotangent bundle of an oriented manifold makes the step from the linear 
setting to the nonlinear one easier. The reason is that we can fix once for all spe- 
cial symplectic trivializations of the bundle x* (TT* M), for every solution x of our 
Hamiltonian problem. In fact, one starts by fixing an orthogonal and orientation 
preserving trivialization of (tt o x)*{TM), and then considers the induced unitary 
trivialization of x*{TT*M). Let u be an element in some space ^{x,y), consist- 
ing of the solutions of a Floer equation on the strip E which are asymptotic to two 
Hamiltonian orbits x and y and satisfy suitable jumping conormal boundary con- 
ditions. Then we can find a unitary trivialization of u* {TT* M) which converges 
to the given unitary triviahzations of x*{TT*M) and y*{TT*M). We may use 
such a trivialization to linearize the problem, producing a Fredholm operator in 
^,9',w{A~ tA^). Here A~ ^A^ are determined by the fixed unitary trivializations 
of x*{TT*M) and y*{TT*M). The orientation of the determinant bundle over 
T-A^) then induces an orientation of the tangent space of ^{x,y) at u, 
that is an orientation oi ^{x,y). See |AS06b[ Section 1.4] for more details. 

When the manifold M is not orientable, one cannot fix once for all trivial- 
izations along the Hamiltonian orbits, and the construction of coherent orienta- 
tions requires understanding the effect of changing the trivialization, as in [FH931 
Lemma 15]. The Floer complex and the pair-of-pants product are still well-defined 
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over integer coefficients, whereas the Chas-Suhivan loop product requires Z2 coef- 
ficients. 

5.10 Nonlinear consequences 

Let us derive the nonlinear consequences of Theorems 15.231 [5.241 and l5.25] Let Q 
be a finite dimensional Riemannian manifold, and let i?o, ■ ■ . , ^fc be submanifolds 
oiQxQ, such that Rj^i is partially orthogonal to for every j = 1, . . . , k (with 
respect to the product metric on Q x Q). Partial orthogonality implies that the 
dimension of Rj-i H Rj is locally constant, and we assume such a dimension is 
actually constant. Let fc > be an integer, and let us fix numbers 

— 00 = Sq < Si < ■ ■ ■ < Sk < Sfc_|_i = +00. 

We recall from Section O that if e C°°([0, 1], T*Q) is a Hamiltonian, the 
symbol 3^^{H) denotes the set of all the Hamiltonian orbits x : [0, 1] T*Q 
which satisfy the boundary condition {x{0),^x{l)) £ N*R, where is the anti- 
symplectic involution on T*Q which maps {q,p) into {q,—p). When x G 3^^{H) 
is non-degenerate, its Maslov index ^^{x) is defined in p.5p . 

We recall that a space ^ is said to have virtual dimension d, where c? G Z, or 
briefly 

virdim^ = d, 

if ^ can be seen as the set of zeroes of a smooth section of some Banach bundle, 
whose fiberwise derivative is Fredholm of index d. When such a section is trans- 
verse to the zero-section, the implicit function theorem implies that either ^ is 
empty, or ^ is a smooth manifold of dimension d > 0. 

We start by considering the case of the full strip I] = {zG C | <Imz < 1}: 

5.26 Corollary. Let x e ^^"{H) and y G ^^'=(i7) be non-degenerate. Then 
the set .y^(x,y) of maps u : Y, T*Q which solve the equation dj,H{u) — with 
boundary conditions 

{u{s),'^u{s + i)) e N*Rj, Vse [sj,sj+i], 

and asymptotic conditions 

lim u(s + it) = x{t) , lim u{s + it) = y{t), 

s — * — 00 s — >+oo 

has virtual dimension 

k 

virdim^(x,?/) = - fJ."* (y) ~ ^(dimi?j_i - dimi?j_i n Rj). 

Proof. Standard arguments in Floer theory allow us to see ^{x, y) as the set 
of zeroes of a smooth section of a suitable Banach bundle, the base of which is a 
Banach manifold modeled on X^^^, and the fibers arc Banach spaces of sections of 
class where p > 2. The fiberwise derivative of such a section at u e ^{x, y) 
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is conjugated to a linear operator Oa of the form considered in Theorem 15.231 
where the hnear subspaces Wj of R" x R" are focal models for the submanifolds 
Rj, and where 

//(graph $-C, TV* Wo) = Ai^«(x) - i(dimi?o - dimQ), 

//(graph TV* Wfe) = /i^'=(y)- i (dim -dimQ), 

by the definition (|3.5p of the Maslov index. By Theorem l5.23l such an operator is 
Fredholm of index 

ind^A = - ^(dimi?o - dimQ) - /t^^y) + ^(dimi?fc - dimQ) 

1 ^ 

- - ^ (dim Rj-i+ dim i?j - 2 dim i n i?j ) . 
After simplification, this formula reduces to 

k 

ind^A = /i^°(a;) - /i^'' (2/) - ^(dimi?j_i - dimi?j_i n i?j), 

as claimed. □ 

5.27 Remark. By elliptic regularity, the maps u £ ^{x,y) are smooth up to the 
boundary on S \ {si, si + i, . . . , Sfe, + «}. By Schwarz reflection, the maps 

C m(sj + ^^) and ( t-^ u{sj + i — (^'^) 

are smooth up to the boundary in a neighborhood of zero in the upper right quadrant 
C1(IH+) = {C G C I Rc C > 0, Imz > 0}. Analogous regularity results hold for the 
maps which appear in the following two corollaries. 

5.28 Remark. In this paper, all the pairs of submanifolds we need to consider 
are partially orthogonal. However, it might be useful to have a generalization 
of Corollary \ 5.26\ to the situation where the submanifolds Rj^i and Rj are only 
assumed to have a clean intersection. An easy way to deal with such a situation is 
the following. First, we transform the nonlocal boundary problem for u : ^ T* Q 
into a local one, by considering the maps u : S r*(Q x Q) defined by 

v{z) := {'^u{{t - z)/2),u{{i + z)/2)). 

Then v solves a Cauchy-Riemann type equation, together with local boundary con- 
ditions 

v{s)€N*Aq, VseR, v{s + i)eN*Rj, Vs G [sj, s^+i]. 

Let gs be a smooth 1-parameter family of metrics on Q x Q .such that Rj-i is 
partially orthogonal to Rj with respect to the metric gs^ (when the sets Rj-i Rj 
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are pairwise disjoint, the family ga can he chosen to he independent of s). Then 
the analogue of Corollarly \ 5.26\ holds, where the the perturhed Cauchy-Riemann 
operator dj^H is the one associated to the s- dependent family of Levi-Civita almost 
complex structures Js on T*{Q x Q) induced by gs- The same considerations apply 
to the next two corollaries. 

In the case of the right half-strip S+ = {z G C | Re z > 0, < Im z < 1}, we 
fix the numbers 

= So < Sl < • • • < Sfe < Sfc+l = +00, 

and we have the following consequence of Theorem 15.241 

5.29 Corollary. Let x e 3^^'' (H) he non-degenerate and let 7 S 1¥^'^([0, 1], Q) 
he a curve such that (7(0), 7(1)) € i?o- Then the set ^(7,0;) of maps u : S+ 
T*Q which solve the equation dj,H{u) = with boundary conditions 

{u{s),'^u{s + i)) e N*Rj, Vs e [sj,sj+i\, u{it) e T;(t)0, e [0,1], 

and the asymptotic condition 

lim u{s ^ it) — x{t) , 

S — ^ + C30 

has virtual dimension 

k 

virdim^(7, x) — —^i^''{x) — ^(dimi?j_i — dimi?j_i n Rj). 

i=i 

Proof. Arguing as in the proof of Corollary 15. 261 we find that ./#(7, x) has virtual 
dimension equal to the Fredholm index of an operator Da of the form considered 
in Theorem 15. 24( with Vq — (0) and Wj a local model for Rj (see [AS06bj . Section 
3.1, for more details on how to deal with this kind of boundary data). 
By Theorem 15.241 and (|3.5p , we have 

ind^A = i dim g - ^(graph $+C, N*Wk) - ^ dim Rq 
1 ^' 

-- ^(dimi?j_i + dimi?j - 2dimi?j_i n Rj) 
i=i 

k 

= -^i^'^ix) - ^(dimi?j_i - dimi?j_i n Rj), 

concluding the proof. □ 

In the case of the left half-strip = {z G C | Re z < 0, < Imz < 1}, we fix 
the numbers 

= So > Sl > • • • > Sfc > Sfc+i = -00. 

One could easily derive the analogue of Corollarv l5 . 29l from Theorem l5.25l Instead, 
we prefer to derive the following variant, where <Dq denotes image of the zero- 
section in T*Q: 



93 



5.30 Corollary. Let x £ ^^''{H) be non-degenerate. Then the set J{{x) 
of maps u : ^ T*Q which solve the equation dj^niu) — with boundary 
conditions 

{u{s),'^u{s + i)) e N*Rj, Vs £[sj+i,Sj], u{it) eOg \/te [0,1], 
and the asymptotic condition 

lim u(s + it) — x{t), 

s — * — oo 

has virtual dimension 

k 

virdim^(a;) = ijl^''{x) — ^^(dimi?j — dimi?j_i n Rj). 

i=i 

Proof. Arguing as in the proof of Corollary 15.261 we find that ^{x) has virtual 
dimension equal to the Fredholm index of an operator Oa of the form considered 
in Theorem 15.251 with Vb = R™, m — dimQ, and Wj a local model for Rj. By 
Theorem 15.251 and p.5p . we have 

vaddA = idimQ + ^(graph$"C,iV*W^fc) - i(2dimQ - dimi?o) 



- ^ ^ (dim Rj-i+ dim Rj - 2 dim i n Rj ) 

i=i 

k 

= ^^'=(2;) - ^(diniiJj - dinii?j_i n R-j), 
concluding the proof. □ 



Dimension computations. We conclude this section by using the above corol- 
laries to prove that all the spaces of solutions of the Cauchy-Riemann type prob- 
lems considered in this paper are - generically - smooth manifolds, and to com- 
pute their dimension. Together with the results of Section 15. 9i we deduce that 
these manifolds carry coherent orientations which are compatible with gluing. The 
transversality issues which lead to genericity in the space of the Hamiltonians are 
standard, see [FHS96| . Here we compute the virtual dimensions, by making use 
of the following two lemmas. 

5.31 Lemma. Let Ri and R2 be submanifolds ofQxQ, let Hi, H2 £ C°°{[0, 1] x 
T*Q) be two Hamiltonians, and set 

R {(91,92,93,94) e Q"" I (93,91) e ^1, (92,94) e R2] = i?i x i?2, (5.51) 

K £C°^{[Q,l]xT*Q^), K{t,xi,X2):=Hi{l-t,'^xx) + H2{t,X2). (5.52) 

Then the curves xi, X2 G C°°([0, 1], r*Q) belong to ^^^{Hi) and ^^^(iJ2), 
respectively, if and only if the curve 

X : [0, 1] ^ T*(Q X Q) = T*Q x T*Q, x{t) := ('^^a;i(l - t),X2{t)), 
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belongs to ^^(K). Furthermore, 

Proof. It is easy to check that xi and X2 are orbits of the Hamiltonian vector fields 
associated to Hi and H2 if and only if y is an orbit of the vector field associated 
to K. Moreover, 

(2/(0), ^y(l)) = ('ra;i(l), 2:2(0), a;i(0), ^2:2(1)) 

belongs to N* R if and only if (a;i(0), <rxi(l)) belongs to N* Ri and (2:2(0), '^X2(l)) 
belongs to N*R2. We just have to check the identity involving the Maslov indices. 

Let j be either 1 or 2. Let Gh '■ [0, 1] Sp(2m), m — dim Q, be the symplectic 
path obtained by conjugating the differential of the Hamiltonian flow of Hj along 
the orbit Xj by a vertical-preserving trivialization of x* {TT* Q) such that 

(vI/,(0) X C^,{l)D^{'^x,{l)))T^,^^o),^^,^{i))N*R, = N*W,, 

where Wj is a linear subspace of R™ x R™ . Then, by the definition (|3.5p of the 
Maslov index, 

^"■^{xj) = fi{giaphGHjC, N*Wj) + i(dinii?j - diniQ^). 

If Gk ■ [0, 1] Sp(4rn) is the symplectic path obtained by conjugating the differ- 
ential of the Hamiltonian fiow of K along the orbit y by the trivialization induced 
in the obvious way by and '52, we have 

GKit) = CGHA^-t)GHA^r^C xGH^t). 

and 

fi^{y) = ^(graph GkC, TV* W^) + -(dimi? - dimQ^)^ 

where 

W^:= {(6,6,6,^4) I (6,6)e W^i, (6,^4) eW^2}. 

Since dimi? = dimQi + dim (52, we must show that 

ti{gTaphGKG,N*W) = /i(graphGH,C,iV*M^i) -H^(graphGH,C,7V*iy2). (5.53) 

The linear mapping 

T : ^ R4m, (^1,6,6,^4) ^ (6,6,6,^4), 

maps W onto Wi x T4^2 , hence the symplectic automorphism T ®T* maps N* W 
onto iV*W^i X N*W2- Moreover, 

(rer*)graphGK(t)G= (graphGH,(l)G//,(l-0-iG) x (graph Gh, (t)G) . 
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By the symplectic invariance and the additivity of the Maslov index, 
/x(graph GKC,N*W)=fi{{T®T* )graph G k {t)G, (T ®T*)N* W) 

(5.54) 

= M(graphGHi(l)GH,(l - C',^*W/i) + M(graphGH,C,7V*M^2). 

The symplectic path t ^ G Hi{^)G Hi (1 — t)^^ is homotopic within the symplectic 
group to the path Ghi , by the homotopy 

(A, t) ^ Gh, {t + A(l - t))GH, (A(l - t))-\ 

which fixes the end points / and Gi/j(l). By the homotopy invariance of the 
Maslov index, 

/i(graph Gh, ( 1 ) Gff , ( 1 - • ) " 1 G, iV* 1^1 ) = /i(graph Gh, C,N*Wi), 
so ([^3^ follows from ((53i)l . □ 

5.32 Lemma. Let R be a suhmanifold of Q x Q, let H £ C°°{[0, 1] x T*Q), and 
define K G G°°([0, 1] x T*Q'^) by 

Then the curve x : [0,1] — > T*Q belongs to 0^^[H) if and only if the curve 
y : [0,1] -^T*Q^, defined by 

»")-('-"<¥)-(^))- 

belongs to ^^^^^{K). Furthermore, 

Proof. A simple computation shows that x is an orbit of the Hamiltonian vector 
field induced by H if and only if y is an orbit of the one induced by K. Moreover, 

(2/(0),<^y(l)) = (<^a:(l/2),a;(l/2),^^a;(0),x(l)). 

so, by using the fact that conormals are "^-invariant, we deduce that x G 3^^{H) 
if and only if y e ^^^^^(K). Let Gh ■ [0,1] ^ Sp(2to), to = dimQ, be the 
symplectic path obtained by conjugating the differential of the Hamiltonian flow 
of H along the orbit a: by a vertical-preserving trivialization 5* of x*{TT*Q) such 
that 

(*(0) X G*(l)WC^x(l)))r(,(o),<^,(i))A^*i? - N*W, 

where is a linear subspace of R™ x R™. Then, by the definition p.5p of the 
Maslov index, 

H^{x) = /i(graph GHG,iV*iy) + i(dimi? - dimQ). 
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If Gk ■ [0, 1] Sp(4m) is the symplectic path obtained by conjugating the differ- 
ential of the Hamiltonian flow of K along the orbit y by the trivialization induced 
in the obvious way by we have 

G.it)^(cGj'-^)GJl,rc] X (gJ'-±^)gJI'-' 



2 J \2l ) V "V 2 / V2 
Moreover, using also ()5.3p . 

^^Q^R{y) = ^(graphGKC,iV*(AK™ x W)) + i(dimi? x Aq -diniQ x Q) 
= /i(graphGi<-C,7V*AK™ x N*W) + i(dimi? - dimg) 
= ^{GKNl,N*W) + l-{dimR-dimQ). 



2 



Since A^*A|Rm = graph G, there holds 

GK(t)iVA,„ = graph r(i)G, 
where F : [0, 1] — > Sp(2m) is the path 



m ■■= Gh l^-^ j Gh 

The symplectic path V is homotopic to the symplectic path Gh by the symplectic 
homotopy 

{\t)^GH (t+^{l-t)] Gh {^{l-t) 



which fixes the end points r(0) = G/f(0) = / and r(l) = Gi/(1). By the homotopy 
invariance of the Maslov index, 

M(G/fAfl„,„,Af*M/) = Ai(graphrG,7V*M/) = M(graphGHG,iV*iy), 

and the conclusion follows from the above formulas for ii^{x) and iji^'^^^{y). □ 

We are finally ready to compute the virtual dimensions of the spaces of maps 
introduced in this paper. 

The space Let us study the space of solutions (xi, X2',y), where xi G 

^^{Hi), X2 e ^^{.H2), and y € ^^{Hi#H2) (see Section [si]). It is a space 
of solutions of the Floer equation on the pair-of-pants Riemann surface Sy- The 
pair-of-pants Riemann surface described in Section 13.21 as the quotient of 

the disjoint union of two strips IR U [—1,0] and IR x [0,1] with respect to the 
identifications 

(s,-l)~(s,0-), (s,0+)~(s,l) Vs<0, (5.55) 
(s,-l) - (s,l), (s,0-) - (s,0+) Vs>0. (5.56) 
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The space ^i^(x\^X2', v) consists of maps 

M : ^ r*M, 
solving the Floer equation djjiiu) ~ 0, with asymptotics 

lim ui^s^t — X) = X\(t\ lim u(s, i) = a;2(t), lim u(s, 2i — 1) = 

s — * — oo s — * — oo s — >+oo 

We can associate to a map u : T* M the map i; : S ^ T*AP by setting 

v{z) -.^ {'^u{z),u{z)). (5.57) 

The identifications (|5.55p on the left-hand side of the domain of u are translated 
into the fact that v{s +- it) is 1 periodic in t for s < 0, or equivalently into the 
nonlocal boundary condition 

{v{s),'ifv{s + i)) e N*Am2, Vs<0, (5.58) 

where Ajv/2 denotes the diagonal in — x M^. The identifications (|5.56p 
on the right-hand side of the domain of u are translated into the local boundary 
conditions 

v{s) e N*Am, v{s + i) e N*Am, Vs > 0. (5.59) 
The map u solves the Floer equation dj_H{u) = if and only if v solves the 
Floer equation dj,K{v) — 0, where K is the Hamiltonian defined in (I5.52p . The 
asymptotic conditions for u are equivalent to 

x{t) -.^ lim v{s + it) = {'if xi{l -t),X2it)), 

(5.60) 



s— » — oo 



zit):= lim t;(s + ii)- ('ry((l-<)/2),y((l + t)/2)). 

We conclude that (xi, 2:2; y) can be identified with the space of maps ^{x, z) 
of Corollarv l5.261 where the underlying manifold is Q = M x M, the Hamiltonian 
is K , the boundary conditions have a single jump at si = and are given by the 
following partially orthogonal submanifolds of = M*: 

Ro = Am2, i?i = Aa/ X AAf. 

By Corollary [5261 

virdim^.^(xi,a;2;y) = /i^a^^ (x) - ^^"^'^"(z) 
-(dim Aa/2 - dimA^p n {Am x Am)) = ^i'^"Hx) - ^'^"''^"'{z) - n. 
By Lemma [5.311 

^^^^(x) = Ai^^^(xi) + ;U^^-^(a;2) = Ai^(a;i) + Ai^(a;2). (5.61) 

By Lemma [5.32[ applied to the manifold Q — AI, to the Hamiltonian Hi^H2, and 
to the submanifold R = Am, 

We conclude that ^y{xi, X2', y) has virtual dimension 

virdim^^(2^i' 2;2;2;) = ^'^(2^1) + ^^'^(2^2) - ^J■^iy) ~ n, 
proving the part of Proposition 13.41 which concerns the space • 
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The space . Let us consider the space (^Ij ^2; y), where xi G ^^{Hi), 
X2 e ^^{H2), and y G ^"(i?i#if2) (see Section [^3]) . This is the space of 
sohitions u of the Floer equation on the Riemann surface with boundary S^, 
described as a strip with a sht in Section [321 which take values in T*^M on the 
boundary, and converge to the orbits xi, X2, ?/ on the three ends. By defining the 
map u : S ^ T*M^ as in (|5.57p and the curves x and z as in (|5.60p . we see that 
the space ^y{xi,X2;y) is in one-to-one correspondence with the space ^{x,z) 
of CoroUarv 15.261 where Q = M^, the Hamiltonian is the function K defined in 
(|5.52p . the boundary conditions jump at si = and are given by the following 
partially orthogonal submanifolds of = M^: 

Rt) = {(go, go, go, go)}, ^1 = x {(go, go)}. 

By Corollary [Oi 

virdim^4^(a;i,a;2;j/) = fi^i-^^iO'io^io) (^^^^ _ ^'^Mx{qo,qo) (^^y 
By Lemma [5.311 

^(9o,9o,90,go)(^) = /i(««^?«)(xi) -f m(*''?'')(.T2) = A*"(xi) +m"(x2). 

By Lemma [5.321 

^AMX(go,9o)(^) = ^(9«'9«)(y) = ^"(y). 

Therefore, ^j^{xi,X2',y) has virtual dimension 

virdim {xi,X2;y)= fi''^ {xi ) /z" (xa ) - /z" (y) . 
This concludes the proof of Proposition 13.41 

The space ^e- Let {xi,X2) S ^^(Hi) x ^^{H2) and y G ^^{Hi®H2) (see 
Scction[33). We set Q = M X M, we define the Hamiltonian K G C°° ([0, 1] x T*Q) 
by (|5.52p . and the T*(5- valued curves x and z by 

a;(t) := (<^a;i(l - i), 2^2(0) , ^(0 ('^yi(l - 0, y2(i)) , 

where yi and y2 are the components of y. Then x G 3^^^^ [K], z G i^^'^M (X), 
and one easily checks that 

M<'(z) = A*^M(y)^^e(y)^ 

where the Maslov index of z refers to the Hamiltonian K, and the Maslov index of 
y to the Hamiltonian Hi H2. The space of solutions ^e{xi^ X2', y) is in one-to- 
one correspondence with the space ^{x, z) of Corollarv l5.261 where the boundary 
conditions switch at Si = and are given by the submanifolds 

Hence, using also (j5.6ip . 

virdim ./#e(xi, 0:2; y) = H^'^'^ (x) - /x'^*'' (z) 
-(dim Aj,/2 - dim Aj,/2 n A^"^^) = fi^{xi) + fi^{x2) ~ f^^{y) - n. 
This proves the part of Proposition 13.61 about 



99 



The space ^q. Let y G ^® (iJi ® E2) and z G ^'^(Hy^H^) (see Section [311). 
We set Q = M X Af , and 

x: [0,1]^ T*Q, := (-^2/1(1 - t),z/2W), 

w: [0,1] ^r*g, ('rz((l-i)/2),^((l + i)/2)). 

As in the case of .-#e, the curve x belongs to {K)^ where the HamiUonian 

K is defined by ([^3^ . and 

On the other hand, by Lemma [O^ w belongs to ^AmxAm(-^>) ^^^^^ 

Then Corollary 15.261 implies that 

virdim.-#G(y, 2) = (x) - ^i'^"'""^"' (w) 
-(dim Ai^^ - dim Ai^' n (Am x Aa^)) = M®(y) - A^^(^)- 

This concludes the proof of Proposition 13.61 

The space ^J^. Let xi S ^^{Hi), xa G ^^(Hz), and z G ^^(iJi#ff2) (see 
the proof of Theorem 13. 8p . The space ^^^{xi, X2', z) is the set of pairs (a, u) 
where a is a real positive parameter and m is a solution of the Floer equation on 
the Riemann surface YiQ^{a) with asymptotics xi, X2, z, and suitable nonlocal 
boundary conditions. Let Q = M^, K be as in (j5.52[) . x be as in (|5.6G|) . and 

y{t) := (^z((l-t)/2),z((l + t)/2)), 

so that X G ^^m2(^K) and y G ^AmxAm(^)_ p^j. f^^^^ a > 0, the set 
*^G£;(^ii^2; z) is in one-to-one correspondence with the space ^{x,y) of Corol- 
lary [OH where the boundary conditions jump at si = and S2 = a, and are 
given by 

Ro = Am2, i?i = Aji^\ R2=AmxAm. 

Considering also the parameter a, we deduce that ^q-^{xi, X2', z) has virtual 
dimension 

virdim^g£;(a;i, 2:2; 2) = 1 + virdim.-#(x, y) = 1 + ^^^^ {x) - ^'^m'xAm 
-(dim Am2 - dim Am2 n A^^^ + dim A^*^^ - dim A^^' n (Am x Am)) 

= 1 + n^ixi) + n^{x2) - n^{z) - n. 

In the last identity we have used also Lemmas 15.311 and 15.321 This proves Propo- 
sition 13.91 
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The spaces and ./#ev Let / be a Morse function on M, let x be a critical 
point of /, and let y € ^^{H). Given qG M, let 

^{q,y) := |w G C°°([0, +c»[xT, r*M) = 0, Trou{0,t) = q\/teJ, 

lim ■u(s,i) = y(t)l. 

s — *+oo J 

For a fixed g S M, the space ^c{q, u) coincides with ^{q, y) from Corollarv l5.29l 
where fc = and i?o = Am- By Corollary 15.291 ^c{q,y) has virtual dimension 

—fJ-^'^'iy) — ~iJ.^{y). Therefore, the space 

■^c{x,y) ^ IJ ^ciq,y), 

has virtual dimension 

virdim^c(a;, y) — dim — fJ.^{y) = i{x) — n^{y), 

proving the first part of Proposition 13. Ill 
The space of maps 

^v(y) [u e C°°(] - C3o,0] X 1,T*M) dj^niu) = 0, u{0,t) e Om Vt G T, 

lim u(s,i) = y(t)l 

s — > — oo J 

can be identified with ^{y) from Corollary 15.301 where the boimdary condition 
has no jumps and is given by Rq — Am- Hence 

virdim^v(2;) = f^^^'iy) = f^^iy)- 
Therefore, given x a critical point of the Morse function / on A/, the space 

^Ev(y,a^) = [ue ^v(y) I u(0,0) e W%x)} 

has virtual dimension 

virdim^Ev(y, a;) = /^^(y) ~ codim VF'^ (x) — /^^(y) — i{x). 
This concludes the proof of Proposition 13.111 

The space Let x e ^^{H) and y S ^"(F) (see Section ES]) . The set 

•^ii (x, y) is immediately seen to be in one-to-one correspondence with the space 
^{x, y) of Corollary 15.261 where the boundary conditions jump at Si = from 
Ro = Am to Ri = {{qo,qo)}- Therefore, 

virdim.^/,(a;,y) = ^l^''{x) - n^^«'i°^y) - (dim Am - dim Am n {(<Zo,9o)}) 

^^i^ix)-^^'\y)~n. 

This proves Proposition l3.131 
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The space Ji^ . Let 71 G ^"(Li), 72 € ^"(^2), and x G 3^^{Hr^H2) (see 
Section [42)1 . The space .^y'(7i, 72; x) consists of pairs (a, u) where a is a positive 
number and u{s,t) is a sohition of the Floer equation on the Riemann surface 
T,y{a), which is asymptotic to a; for s +00, Hes above some element in the 
unstable manifold of 71 (resp. 72) for s = and — 1 < t < 0~ (resp. 0"*" < t < 1), 
and lies above go at the other boundary points. Let us fix the two curves qi and (72 
in the unstable manifolds of 71 and 72 and the positive number a. Set Q = M^, let 
K be the Hamiltonian on [0, 1] x T*Q defined by ([53^ . and let y : [0, 1] ^ T*Q, 
7 : [0, 1] X Q be the curves 

y{t) (^^^(i_i),^(i±l)j , Jit) - t), <Z2 W) • (5.62) 

Lemma [O^ implies that y € ^'^M'^iqo.qo) (^k) and that 

Then the set of elements {a,u) in ^^(71, 72; a;) which lie above qi and q2 for 
s = is in one-to-one correspondence with the space ^{j,y) of Corollary 15.291 
where the boundary conditions have a jump at si = a and are defined by 

Ro {{qo, qo-.qo-.qo)}, Ri = Am x {{qo,qo)}. 

Such a space has virtual dimension 

virdim^(7,y) = -/i^"^(®'«")(y) = -^"(x). 

Letting the elements qi and (72 of the unstable manifolds of 71 and 72 vary, we 
increase the virtual dimension by i^^(7i; Li) + 1^^(72; ^2)- Letting also a vary we 
further increase the virtual dimension by 1, and we find the formula 

virdim.^f (71, 72; x) = i"(7i; ii) + ^''(72; ^2) - fJ-'^ix; Fi#F2) + 1- 
This proves Proposition 14.21 

The space Let 71 e ^^(ii), 72 G ^^{L2), and a; G ^®(i?i il2) 

(see Section W^ . The space ^^(71, 72; a;) consists of solutions u = {ui,U2) of 
the Floer equation on the Riemann surface 'S,^^ , which is asymptotic to x for 
s +00, Ml and U2 lie above some elements qi and 52 in the unstable manifolds 
of 71 and 72 for s = 0, and u satisfies the figure-8 boundary condition for s > ag. 
Set Q = M^, let K be the Hamiltonian defined by (I5.52p . and let y and 7 be as 
in dSlSl). Then y belongs to ^^m\k), and 

^"m (y) — (a;) — ^ [X). 

The space of uo G ^(^(71, 72; a;) which lie above qi and 52 for s = is in one-to- 
one correspondence with the space ^(7, y) of Corollarv l5.29| where the boundary 
conditions jump at si = ao and are given by 
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Such a space has virtual dimension 

virdim^(7, y) = -fi^'^ (y) - (dimA^a - dim A^a n A^'^-') -fi^{x) - n. 

Letting the elements qi and q2 of the unstable manifolds of 71 and 72 vary, we 
increase the virtual dimension by Li) + 1^(72; L2), and we find the formula 

virdim^^(7i,72;a;) = 1^(71; Li) + i'^["i2]L2) - M®(a;) - n. 

This proves Proposition 14.51 

The space . Let 7 e ^®(ii©L2) and x G ^^(iJi#i72) (see Section H3)) . 
The space ^q{'^,x) consists of pairs {(x,u) where a is a positive number and 
u(s, t) is a solution of the Floer equation on the Riemann surface (a), which is 
asymptotic to x for s — > +00, lies above some element q ^ [qi, (72) iu the unstable 
manifold of 7 for s = 0, and satisfies the figure-8 boundary condition for s e [0, a]. 
Set Q = M^, let K be as in ([532| . let y be as in (|5.62p . and let 7 : [0, 1] — > Q be 
the curve 

7(i) (gi(l-<),(72(t)). 

Then the space of elements {a,u) in J(q{^,x) with u above <? at s = is in 
one-to-one correspondence with the space ^(7, y) of Corollary 15.291 where the 
boundary conditions jump at Si = a from = A^^^ to i?i = Am x Am- Such a 
space has virtual dimension 

virdim^(7,2/) = -/i^*^^^*^ (y) - (dimA^^^ - dimA^'^^ n (Am x Am)) 

- -/i^(x). 

where we have used Lemma l5.32l Letting the elements q of the unstable manifold 
of 7 vary, we increase the virtual dimension by 1^(7; Li © L2). Letting also a vary 
we further increase it by 1, and we find the formula 

virdim^<f (7, x) = z®(7; Li L2) - fi^{x; Hi#H2) + 1. 

This proves Proposition 14.81 

6 Compactness and cobordism 

The first aim of this section is to explain how compactness and removal of singular- 
ities for Cauchy-Riemann problems can be obtained in the framework of cotangent 
bundles and conormal boundary conditions. The second aim is to prove the three 
already stated cobordism results (Propositions 13.101 14.31 and 14. 7p which do not 
follow form standard arguments in Floer theory. 
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6.1 Compactness in the case of jumping conormal boundary 
conditions 



Compactness in the topology of all the spaces of solutions of the Floer equation 
considered in this paper can be proved within the following general setting. Let 
<5 be a closed Riemannian manifold, and let Rq, Ri, . . . , Rk be submanifolds of 
Q X Q. We assume that there is an isometric embedding Q ^ and linear 
subspaces Vo,Vi, . . . ,Vk of x R^, such that V,_i is partially orthogonal to Vj, 
for every j — 1, . . . ,k, and 

Rj ^ Vj n (Q X Q). 

The embedding Q ^ induces an embedding T*Q ^ T*R^ = R^w ^ £N ^ 
Since the embedding Q ^ R^ is isometric, the standard complex structure Jq 
of R^^ restricts to the metric almost complex structure J on T*Q. Let H e 
C°°([0, 1] X T*Q) be a Hamiltonian satisfying (HI) and (H2). Fix real numbers 

-OO = So < Sl < • ■ • < Sfc < Sfc+l = +CX), 

and let u : S = {z e C I < Ln z < 1} ^ T*Q be a solution of the Floer equation 
dj.H{u) = which satisfies the nonlocal boundary conditions 

iuis),'^u{s + i)) e N*Rj Vs e [s^_i,Sj], (6.1) 

for every j = 0, . . . ,k. 

The map u satisfies the energy identity 



1 

2 



\dsu{s,t)\'' dtds ^AH{u{a,-)) - Ah(m(6,-)) 

a Jo 

(w(-, 1)> - u{;Orr,) =AH{u{a, •)) - Ah(u(6, •)), 



(6.2) 



a,b] 



for every a < h, where the integral over [a, b\ vanishes because of the boundary 
conditions (|6.ip . thanks to the fact that ?7©r?, that is the Liouville form on T*Q^, 
vanishes on N*Rj. The following result is proven in [AS06b[ Lemma 1.12] (in that 
lemma different boundary conditions are considered, but the proof makes use only 
of the energy identity (j6.2p coming from those boundary conditions) . 

6.1 Lemma. For every a > there exists c > such that for every solution 
u : S — ^ T*Q of dj^niu) = 0, with boundary conditions 116. and energy bound 

\dsu{s, i)|^ ds dt < a, 

we have the following estimates: 

hiiL^(/x]o,i[) < c|/r/2^ iivuiu2(^^]o.i[) < c(i + i/r/'), 

for every interval I. 
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The proof of the following result follows the argument of |AS06bl Theorem 
1.14], using the above lemma together with the elliptic estimates of Proposition 

6.2 Proposition. For every a > there exists c > such that for every solution 
u : T, ^ T*Q of dj^uiu) — 0, with boundary conditions Ii6.1\) . and energy bound 

\dsu[s, t)\^ ds dt < a, 

we have the following uniform estimate: 

I|w||l=°([Rx]0,1[) < c. 

Proof. By using the above embedding, the equation dj^niu) = can be rewritten 
as 

du^ JoXH{t,u). (6.3) 

We can pass to local boundary conditions by considering the map v : T, ^ T* C 
C^^ defined by 

v{z) {'^u{{i^z)/2),u{{i + z)/2)) = - z)/2), + z)/2)) . 

The map v satisfies the boundary conditions 

vis)eN*AQCN*A^N, VsGR, 

v{s + i) e 7V*i?j C N*V-i, if s e [2sj_i, 2sj]. ^ ' ' 

Moreover, 

dvi^) - I (^((^ - z)m,du{{^ + ^)/2)) , 

so by (|6.3[) and by the fact that XH(t,q,p) has quadratic growth in \p\ by (|3.2|) . 
there is a constant c such that 

<c(l + |i.(z)n. (6.5) 

Let X be a smooth function such that x(s) = 1 for s G [0, 1], x(s) = outside 
[-1, 2], and < x < 1- Given /i e Z set 

w{s + it) :— x(s — h)v{s + it). 

Fix some p > 2, and consider the norm || • ||xp introduced in Section |5.3[ with 
=5^ = {2si, . . . , 2sk}. The map w has compact support and satisfies the boundary 
conditions (|6.4p . so by Proposition 15 . 1 01 we have the elliptic estimate 

||Vw||xp < co||w|Up +ci||9w||xp- 

Since ^ 

dw = x'(s ~ It-)''^ + x(s ~ h)dv = — (s — h)w + x(s — /i)9w, 



105 



we obtain, together with l|6.5p . 

||Vw||xp < (co + cillxVxIloo) \\w\\xp + ci||x(- - h)dv\\xp 
< (co + cillxVxIloo) \\w\\xp + cicWxi- - h){l + l^nilxP. 

Therefore, we have an estimate of the form 

||Vw||xp < a\\w\\xp + b\\x{- -h){l + \vf)\\xp. (6.6) 

Since w has support in the set [h — l,h + 2] x [0, 1], we can estimate its XP norm 
in terms of its X^^^ norm, by Proposition 15.131 The X^'"^ norm is equivalent to 
the W^''^ norm, and the latter norm is bounded by Lemma 16.11 We conclude 
that llwllxp is uniformly bounded. Similarly, the Xp norm of %(• — h){l + 
is controlled by its W^'^ norm, which is also bounded because of Lemma 16.11 
Therefore, (|6.6p implies that w is uniformly bounded in X^'P. Since p > 2, we 
deduce that w is uniformly bounded in L°°. The integer h was arbitrary, hence 
we conclude that v is uniformly bounded in L°° , and so is u. □ 

We conclude this section by discussing how the above result leads to 
compactness for the spaces of maps considered in this paper. We consider the 
model case of (^ii ^2; 2/), the other cases being analogous. 

By the equivalent description of ^y{xi,X2',y) of Section (|5.10p (see in par- 
ticular (|5.57p ). the space of maps we are considering fits into the above setting. 
Indeed, an isometric embedding of M into induces isometric embeddings of 
Q = into and of Q"^ into IR'*^, such that and Am x Am are mapped 
into n A|R2iv and n (Aj^jv x Aj^jv), where the linear subspaces A^2n and 
A^N X A[Riv are partially orthogonal. Therefore, the energy estimate (|3.18p and 
Proposition 16.21 imply that the elements of ^y{xi,X2;y) have a uniform L°° 
bound. 

For the remaining part of the argument leading to the compactness of 
^y{xi,X2',y) it is more convenient to use the original definition of this solutions 
space and the smooth structure of S^. Then the argument is absolutely stan- 
dard: If by contradiction there is no uniform bound, a concentration argument 
(see e.g. |IIZ941 Theorem 6.8]) produces a non-constant J-holomorphic sphere. 
However, there are no non-constant J-holomorphic spheres on cotangent bundles, 
because the symplectic form uj is exact. This contradiction proves the bound. 
Then the C*^ bounds for arbitrary k follow from elliptic bootstrap, as in [HZ941 
Section 6.4]. 

Other solutions spaces, such as the space for the triangle products, involve 
Riemann surfaces with boundary, and the solutions take value on some conormal 
subbundle of T* M . In this case the concentration argument for proving the 
bound could produce a non-constant J-holomorphic disk with boundary on the 
given conormal subbundle. However, the Liouville one-form vanishes on conormal 
subbundles, so such J-holomorphic disks do not exist. Again we find a contradic- 
tion, leading to bounds and - by elliptic bootstrap - to bounds for every 
k. 



106 



6.2 Removal of singularities 

Removal of singularities results state that isolated singularities of a J-holomorphic 
map with bounded energy can be removed (see for instance [MS04[ Section 4.5]). 
In Proposition 16.41 below, we prove a result of this sort for corner singularities. 
The fact that we are dealing with cotangent bundles, which can be isometrically 
embedded into C^, allows to reduce such a statement to the following easy linear 
result, where is the open disk of radius r in C, and H"'" is the upper right 
quadrant {Rez > 0, Imz > 0}. 

6.3 Lemma. Let Vq and Vi be partially orthogonal linear subspaces o/R". Let 
u : Cl(Di n IH+) \ {0} ^ C" be a smooth map such that 

u e LP(Di n n+, C"), du e lp(Di n H+, C"), 

/or some p > 2, and 

u{s)eN*Vo Vs>0, u{it)eN*Vi Vt>0. 
Then u extends to a continuous map on Cl(Di H IH+). 

Proof. Since Vq and Vi are partially orthogonal, by applying twice the Schwarz 
reflection argument of the proof of Lemma 15.61 we can extend m to a continuous 
map 

u : Di \{0} ^ C", 

which is smooth on Di \ (R U iR), has finite LP norm on Di, and satisfies 

du e LP{Di). 

Since p > 2, the norm of u on Di is also finite, and by the conformal change of 
variables z = s + it = e'^ = ef^"^^ , this norm can be written as 



The fact that this quantity is finite implies that there is a sequence ph — s- — oo 
such that, setting en ■= e^'' , we have 



If V3 S C^(Di, C^), an integration by parts using the Gauss formula leads to 





(6.7) 
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Since u and du are integrable over Di, the the first integral in the latter expression 
tends to zero, while the second one tends to 

{du, (p) ds dt. 

As for the last integral, we have 

JdD^^ Jo 

h 

so by the Cauchy-Schwarz inequality, 



(u, if) dz 



/ \ 1/2 / „27r \ 1/2 

/ 1-2-iT \ 1/2 

<V2^ehU^ \u{ehe'')\'' ddj M^. 
Then (|6.7p implies that the latter quantity tends to zero for h oo. Therefore, 

{u, dip) dsdt ~ — / {du, (fi) ds dt, 

for every test function (p E C^(Di,C"). Since du £ L^, by the regularity theory 
of the weak solutions of d (see Theorem 15.41 fi)). u belongs to W^'P{Di, C"). Since 
p > 2, we conclude that u is continuous at 0. □ 

Let i?o and i?i be closed submanifolds of Q, and assume that there is an 
isometric embedding Q ^ such that 

Ro^QnVo, RiDVi, 

where Vq and Vi are partially orthogonal linear subspaces of . 

6.4 Proposition. Let X : Di n IH+ x T*Q TT*Q be a smooth vector field 
such that X{z,q,p) grows at most polynomially in p, uniformly in {z,q). Let 
u : Cl(Di n H'^) \ {0} —t T*Q he a smooth solution of the equation 

dj{u){z) ^ X{z,u{z)) Vz G Cl(Di n [H+) \ {0}, (6.8) 

such that 

u{s)eN*Ro Vs>0, u{it)eN*Ri V t > 0. 
If u has finite energy, 

/ iVupdsdt < +00, (6.9) 
JDinlH+ 

then u extends to a continuous map on Cl(Di H h^). 
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Proof. By means of the above isometric embedding, we may regard w as a C^- 
valued map, satisfying the equation (|6.8p with dj — d, the energy estimate (|6.9p . 
and the boundary condition 

u{s)eN*VQ Vs>0, uiit)eN*Vi V t > 0. 

By the energy estimate (j6.9|) . u belongs to L^(Di n IH+,C^) for every p < +00: 
for instance, this follows from the Poincarc inequality and the Sobolev embedding 
theorem on Di, after applying a Schwarz reflection twice and after multiplying by 
a cut-off function vanishing on 3Di and equal to 1 on a neighborhood of 0. The 
polynomial growth of X then implies that 

X{-,u{-)) e LP{Dinh+,C^) Vp<+oo. (6.10) 
Therefore, Lemma 16.31 implies that u extends to a continuous map on Cl(Di H 

The corresponding statement for jumping conormal boundary conditions is the 
following: 

6.5 Proposition. Let X : Di n H x T*Q TT*Q be a smooth vector field 
such that X{z,q,p) grows at most polynomially in p, uniformly in {z,q). Let 
u : Cl(Di n H) \ {0} T*Q be a smooth solution of the equation 

dj{u){z) = X(z, u(z)) Vz e Cl(Di n H) \ {0}, 

such that 

u{s) e N*Ro V s > 0, u{s) e N*Ri V s < 0. 
// u has finite energy, 

/ dsdt < +00, 

then u extends to a continuous map on the closed half-disk Cl(Di H DH). 

Proof. The energy is invariant with respect to conformal changes of variable. 
Therefore, it is enough to apply Proposition 16.41 to the map v{z) — u{z'^), with 

zeDiniH+. □ 
6.3 Proof of Proposition 13.10) 

Let xi e {Hi), X2 e ,^^{H2), and z e ^^(iJi#i72) be such that 

fl^{xl)+^l^{x2)~fl^{z)^n, (6.11) 

so that the manifold ^q^{xi,X2', z) is one-dimensional. By standard arguments, 
Proposition 13. 101 is implied by the following two statements: 
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(i) for every y G ^^{Hi ® H2) such that 

and every pair (1*1,^2) with ui e ^e{xi, X2',y) and U2 S ^oiy^z), there 
is a unique connected component of ^q^{xi, X2', z) containing a curve a 1— > 
(a, Mq.) which - modulo translations in the s variable - converges to (+cxd, ui) 
and to (+00, M2); 

(ii) for every u € -'^■!^{xi^X2', z), there is a unique connected component of 
'^gb(^1' -^s; z) containing a curve a 1— > (a, Mq) which converges to (0, u). 

The first statement follows from standard gluing arguments. Here we prove the 
second statement, by reducing it to an implicit function type argument. At first the 
difficulty consists in the parameter dependence of the underlying domain for the 
elliptic PDE. By using the special form of the occurring conormal type boundary 
conditions and a suitable localization argument, we equivalently translate this 
parameter dependence into a continuous family of elliptic operators with fixed 
boundary conditions. 

If € ^Q^{xi,X2]z), we define the map 

u:S = {zeC|0<Imz<l}^ r*Af^ u{z) {'ifv{z),v{z)), 

and the Hamiltonian X on T x T*M^ by 

K{t, xi,X2) Hi{-t, 'S'xi) + H2it, X2). 

By this identification, we can view the space ^q^{xi, X2', z) as the space of pairs 
(a, u), where a > and u : E — > T*M^ solves the Floer equation 

d.iK{u) = 0, (6.12) 

with nonlocal boundary conditions 

N*Am2 ifs<0, 

iu{s),'ifu{s + i)) e { N*A'^^^ ifO<s<a, (6.13) 



N*{AmxAm) ifs>a. 



and asymptotics 



lim u{s+it) = ('S'xi{-'t),X2it)), lim u{s+it) = ('ifz{{l-t)/2),z{{l+t)/2)). 

S — * — 00 S — >-\-OQ 

(6.14) 

Similarly, we can view the space (xi, 2:2; z) as the space of maps m : S — > 
T*Af^ solving the equation (|6.12p with asymptotics (|6.14p and nonlocal boundary 
conditions 



no 



Compactness. We start with the following compactness results, which also clar- 
ifies the sense of the convergence in (ii) : 

6.6 Lemma. Let {ah,Uh) be a sequence in ^q^{xi, X2', z) with at — > 0. Then 
there exists uq & ^-^{xi, X2', z) such that, up to a subsequence, Uh converges to uq 
in Ci^e(S \ {0,i}), m C°°(I] n {|Rez| > 1}), and uniformly on S. 

Proof. Since the sequence of maps (uh) has uniformly bounded energy, Proposi- 
tion 16.21 implies a uniform L°° bound. Then, the usual non-bubbling-off analysis 
for interior points and boundary points away from the jumps in the boundary 
condition implies that, modulo subsequence, we have 

Uh-^uo inCi^,(E\{0,z},r*M2), 

where uq is a smooth solution of equation (|6.12p on S \ {0,i} with bounded en- 
ergy and satisfying the boundary conditions (j6.15p . except possibly at and i. 
By Proposition 16.51 the singularities and i are removable, and uo satisfies the 
boundary condition also at and i. By the index formula (|6.11|) and transversality, 
the sequence Uh cannot split, so uq satisfies also the asymptotic conditions (|6.14|) . 
and Ufi — > 1*0 in C°°(En {|Rez| > 1}). Therefore, uq belongs to (xi, 2:2; z), 
and there remains to prove that Uh ~f u uniformly on E. 

We assume by contraposition that {uh) does not converge uniformly on E. 
By Ascoli-Arzela theorem, there must be some blow-up of the gradient. That is, 
modulo subsequence, we can find z/j S S converging either to or to i such that 

Rh ■■= \Vuh{zh)\ = ||Vuh||oo 00. 

For sake of simplicity, we only consider the case where Zh — {sh, 0) ^ 0, < < 
ah ^ 0. The general case follows along analogous arguments using additional 
standard bubbling-off arguments. For more details, see e.g. [HZ941 Section 6.4]. 

We now have to make a case distinction concerning the behavior of the quantity 
< RhOih < 00: 

(a) The case of a diverging subsequence Rh-a^. 00 can be handled by con- 
formal rescaling Vj{s,t) :— Uh.[sh. -t- s/ Rhj,t/ Rhj) which provides us with 
a finite energy disk with boundary on a single Lagrangian submanifold of 
conormal type. This has to be constant due to the vanishing of the Liouville 
1-form on conormals, contradicting the convergence of |V'(;j(0)| = 1. 

(b) The case of convergence of a subsequence Rh^ cth, ~^ can be dealt with by 
rescaling Vj{s,t) := Uhj{shj + Oihj,Oihjt)- Now Vk has to converge uniformly 
on compact subsets towards a constant map, since ||V?;j||oo = |Vi;j(0)| = 
RhjOthj ~* 0. This in particular implies that {-,0)110, an] converges uni- 
formly to a point contradicting the contraposition assumption. 

(c) It remains to study the case RhCth ~* c > 0. Again we rescale Vh{s,t) = 
Uh{oihS , aht) , which now has to converge to a non-constant J-holomorphic 
map V on the upper half plane. After applying a suitable conformal coor- 
dinate change and transforming the nonlocal boundary conditions into local 
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ones, we can view w as a map on the half strip v: S"*" — > T*M'^, satisfying 
the boundary conditions 



Applying again the removal of singularities for s oo, we obtain d as a 
J-holomorphic triangle with boundary on three conormals. Hence, v would 
have to be constant, contradicting again the rescaling procedure. 



Localization. It is convenient to transform the nonlocal boundary conditions 
(|6.13p and (|6.15p into local boundary conditions, by the usual method of doubling 
the space: Given m : E ^ T*1VP we define u : E ^ T*M'^ as 

u{z) {u{z/2),'ifu{i + z/2)). 
Then u solves dj^xiu) = if and only if u solves the equation 



v{it) € 
v{.s) e 



7V*A^7 for [0,1], 

iV*(AMxAA/) fors>0, 
N*Am2 for s > 0. 



This shows the uniform convergence of a subsequence of (u/i). 



□ 




(6.16) 



with upper boundary condition 



u{s + i) e N*Am^ Vs e R, 



(6.17) 



where the Hamiltonian ^ : [0, 1] x T*M* 



R is defined by 




Moreover, u satisfies (|6.13p if and only if u satisfies 




(6.18) 



whereas u satisfies (I6.15P if and only if u satisfies 




(6.19) 



Finally, the asymptotic condition (|6.14p is translated into 



lim il{s + ti) = ('^xi{-t/2),X2{t/2),xi{t/2- l),'^X2{l - t/2)) , 

-^ — oo 

lim u(s + <i) = (<^^z(l/2-t/4),z(l/2 + </4),z(t/4),<^z(l-t/4)). 



(6.20) 
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Let Mo £ ^'^{xi,X2',z). We must prove that there exists a unique connected 
component of ^q^{xi,X2', z) containing a curve a i— > {a,Ua) which converges to 
(0,uo), in the sense of Lemma 

Let Mo be the map from S to T*M^ associated to mq: mo solves (j6.16p with 
boundary conditions (|6.17p . (|6.19p . and asymptotic conditions (|6.20p . Since we 
are looking for solutions which converge to mo uniformly on E, we may localize the 
problem and assume that M = R". More precisely, if the projection of uq{z) onto 
M'^ is (gi, 52, (73, 94)(2:), we construct open embeddings 

E X R" ^ E X Af, H-^ (z, j = l,...,4, 

such that ipj{z,Q) = qj{z) and D2ipj(z,0) is an isometry, for every z G E (for 
instance, by composing an isometric trivialization of q*{TM) by the exponential 
mapping). The induced open embeddings 

E X T*R" ^ E X T*M, 

{z,q,p) i-> {z,tl;j{z,q,p)) := {z,(pj(z,q), {D2^Pj{z,q)*y^p), j = 1, . . . ,4, 

are the components of the open embedding 

E X r*R4n ^ s X T*M\ (z, ^ {z, i>{z, 0) (z, ^i(z, 6), ---.Mz, U)) . 

Such an embedding allows us to associate to any u : E ^ T*M^ which is C"-close 
to Mo a map w : E ^ r*R4" = C^", by setting 

m(z) = V'(^, w(z)). 

Then m solves (|6.16p if and only if w solves an equation of the form 

9(w) ■= dsw{z) + J(z, w{z))dtw(^z) + G(z, w{z)) = 0, (6.21) 

where 3 is an almost complex structure on C''" parametrized on E and such that 
J(z, 0) = Jo for any z e E, whereas G : E x C*" ^ C^" is such that G(z, 0) = 
for any z £ E. Moreover, m solves the asymptotic conditions (|6.20p if and only if 
'w{s,t) tends to for s — > ±cxd. The maps tpjiz, •) preserve the Liouville form, so 
they map conormals into conormals. It easily follows that the boundary condition 
(|6.17p on M is translated into 

w(s + i) e 7V*Ak2„ VseR. (6.22) 

Moreover, u satisfies the boundary condition (j6.18p if and only if w satisfies 

r iv*AK2„ if s < 0, 

wis) e < N*A^^} if < s < 2a, (6.23) 

[ iV*(A[R,. X Ar.) if s > 2a. 

Similarly, u satisfies the boundary condition ()6.19p if and only if w satisfies 

, , r iV*AK2,. if s < 0, ,^ 

w{s) e { . . -f Z rJ (6-24) 

[ A^*(A|Rn X A|R„) if s > 0. ' 
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The element uq & ^^{xi,X2] z) corresponds to the solution = of (|6.2ip - 
(|6.24p . By using the functional setting introduced in Section [5l we can view the 
nonlinear operator Si defined in (I6.2ip as a continuously differentiable operator 

where .y {0}, Y (A|r2„, Ak». x A|r>i), Y' :— (A|r2,i), and p is some number 
larger than 2. Since J(z,0) = Jq, the differential of ^ at = is a linear 
operator of the kind studied in Section [SJ and by the transversality assumption it 
is an isomorphism. 

Consider the orthogonal decomposition 

R4" = Wi®W2®W3® Wa, 

where 

A^t^ = AK2.n(AK. X Ak.), Ak2„ = M^i ® W^2, Ar. x Ak„ = M^i W^3, 

and denote by Pj the the orthogonal projection of C^" onto N*Wj = Wj 
If is the translation operator mapping some w : ^ C^" into 

{:7c,w){z) := {Piw{z),P2w{z),P3w{z-2a),P4w{^.)), 

we easily see that w satisfies the boundary conditions (j6.24p if and only if £^aW 
satisfies the boundary conditions (|6.23p . Therefore, if we define the operator 

we have that w e X^^y -^/(S, C") solves S)a{w) = if and only if ii^w is a solu- 
tion of (|6.2ip satisfying the boundary conditions (|6.22p and (j6.23p . The operator 

is continuous on the product, it is continuously differentiable with respect to the 
second variable, and this partial differential is continuous on the product. More- 
over, DSo{0) — DS>{Q) is an isomorphism, so the parametric inverse mapping 
theorem implies that there are a number ao > and a neighborhood of in 
X'^y C^"), such that the set of zeroes in [0, aolx'^ of the above operator 

consists of a continuous curve [0, Q!o[3 a — > {a,Wa) starting at wq — 0. Then 
a — > (a, S^aWa) provides us with the unique curve in ^q^{xi^X2', z) converging 
to (0,uo)- This concludes the proof of Proposition [OTH 

6.4 Proof of Proposition 14.31 

Fix some 71 e ^"(Li), 72 G ■^"(£2), and x G ^"(Hi#i^2) such that 

i"(7i; Li) + i^{-i2\L2) - tJp{x- Hi#H2) = 0. 

By a standard argument in Floer homology, the claim that P^ is a chain homotopy 
between and o ($2^ ® ^£2) implied by the following statements: 
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(i) For every (mi,U2) e -^$(71:^1) x (72,^2) and every u G ^^{yi,y2;x), 
where (2/1,2/2) € x ^"(i?2) is such that 

//"(2/1; i/i) + ^"(2/2; i?2) = ^""(2;; i^i#ff2), 

there exists a unique connected component of ill t12',x) containing a 
curve {a,Ua) such that a +00, Uq(-,- — 1) and Ua converge to ui and 
U2 in Ci'^^([0,+oo[x[0, l],r*M), while + cr(a), 2 • -1) converges to u in 
C'lJcC^ X [0, l],T*Af), for a suitable function a diverging at +00. 

(ii) For every u € (71, 72; 2^) there exists a unique connected component of 
-^T^ (71 1 72 ; 2;) containing a curve a ^ {a^Ua) which converges to (0, u). 

Statement (i) can be proved by the standard gluing arguments in Floer theory. 
Here we prove statement (ii). 

Given u : [0, +00 [x [—1,1] T*M , we define the map 

u : 1;+ = {z e C I Rez > 0, < Imz < 1} ^ r*A/^ u{z) ~ {'^u{z),u{z)) . 

If we define i : [0, 1] -> T*M'^ and H e C°°{[0, 1] x T*AP) by 

x{t) := (<^x((l-t)/2),a;((l + i)/2)), H{t,xi,X2) -.^ Hi{l - t/S'xi) + H2{t,X2), 

we see that associating u to m produces a one-to-one correspondence between 
•^Jc(7i) 72) x) and the space (71 , 72 ; a;) consisting of the maps -S : E+ T*M^ 
solving d J j^(u) = with boundary conditions 

u(s) e A^*Am Vs > 0, (6.25) 

u{s + ^) e r;^Af X T; Af Vs > 0, (6.26) 

7rowi(0,l- •) e iy"(7i), 7roM2(0,-) e W^"(72), (6.27) 

lim m(s + it) = S;{t). (6.28) 

s — >+oo 

Similarly, we have a one-to-one correspondence between ^^^(71,72;^) and the 
space ^•^(7i,72;x) consisting of pairs {a,u) where a is a positive number and 
u : S+ T*M'^ is a solution of the problem above, with (|6.25p replaced by 

u{s) e T*^M X T*^M Vs e [0, a], u{s) e ^*Aa/ Vs > a. (6.29) 

Fix some G (71 , 72 ; x) . Since we are looking for solutions near 
we can localize the problem as follows. Let k — 1^^(71; Li) + 1^(72; ^2)- Let 
g : R*^ X S+ — > AP be a map such that 

q(0, z) = TT o u°(z) Vz e 1;+, q{X, s + it) ^ tt o S:(t) for s +00, VA G R*', 

and such that the map 

R'^ 9 A (gi(A, 0, 1 - •), g2(A, 0, •) G 9}{M^) 
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is a difFeomorphism onto a neighborhood of tt o •), 12) in W^"(7i) x W^"(72)- 

By means of a suitable triviahzation of q* (TJVP) and using the usual W-^'P Sobolev 
setting with p > 2, we can transform the problem of finding u solving djfj{u) — 
together with (|6.26p . (|6.27p and (|6.28p and being close to u^, into the problem of 
finding pairs (A,w) e R'' x T*IR^"), solving an equation of the form 

du{z) + f{X,z,u{z)) ^0 VzeS+, (6.30) 

with boundary conditions 

u{it) e N*{0) yt e [0, 1], u{s + N*{0) Vs > 0. (6.31) 

Then the boundary condition (|6.25p is translated into 

u{s) e A^*Ak„ Vs > 0, (6.32) 

and the solution if' corresponds to the solution A = and u = of (|6.30p . (|6.3ip . 
and (|6.32p . On the other hand, the problem {ji,j2', x) of finding (q!,u") 
solving (it") = together with ((OB)) . ((07)l . ([g^ and (p?^ corresponds to 
the problem of finding (A, u) eR'^x W^-p{J:+, r*IR2") solving (|O0| with boundary 
conditions (|6.3ip and 

m(s) e 7V*(0) Vs e [0,a], u(s) e A^*Ar„ Vs > a. (6.33) 

In order to find a common functional setting, it is convenient to turn the boundary 
condition (j6.33p into (|6.32p by means of a suitable conformal change of variables 
on the half-strip S"*". 

The holomorphic function z 1— > cos z maps the half strip {0 < Re z < tt, Im z > 
0} biholomorphically onto the upper half-plane H — {Imz > 0}. It is also a 
homeomorphism between the closure of these domains. We denote by arccos the 
determination of the arc-cosine which is the inverse of this function. Then the 
function z > (1 + cos(i7rz))/2 is a biholomorphism from the interior of E"*" to H, 
mapping into 1 and i into 0. Let e > 0. If we conjugate the linear automorphism 
z 1-^ (1 -I- e)z of BH by the latter biholomorphism, we obtain the following map: 

(Pe{z) — — arccos((l + e) cos(i7rz) + e). 

The map tp^ is a homeomorphism of onto itself, it is biholomophic in the 
interior, it preserves the upper part of the boundary i + IR+, while it slides the 
left part i[0, 1] and the lower part IR+ by moving the corner point into the real 
positive number 

a(e) := arccos(l + 2e). 

TT 

The function e i— s- a{e) is invertible, and we denote by a 1-^ e{a) its inverse. 
Moreover, ip^ converges to the identity uniformly on compact subsets of E+ for 
e — > 0. An explicit computation shows that 

ip',~1^0 in iP(S+), if 1< p < 4. (6.34) 
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If u : E+ ^ r*R2" and a > 0, we define 

v{z) := u{ip,(^a){z)). 

Since ipe is holomorphic, d{u o ip^) — ip'^ ■ du o ip^. Therefore, u solves the equation 
(|6.30p if and only if v solves the equation 

M^) + '/'^(a) (^)/(A, ^e(a) {z),v{z)) = 0. (6.35) 
Given 2 < p < 4, we set 

W^i'P(S+,r*R2«) ^ 1^ (= T4^1'P(S]+,T*[R2") |w(s,0) e A^*Ar,. Vs > 0, 

w(s,i) e iV*(0) Vs > 0, w(0,i) e iV*(0) Vt e [0,1]}, 

and we consider the operator 

where (/Jq = id- The problem of finding (a, u) in ^^^(71, 72; a;) with £t close to ti" 
is equivalent to finding zeroes of the operator F of the form (a, A, v) with a > 0. 
By (I6.34p . the operator F is continuous, and its differential D^x ^-^F with respect 
to the variables (A, v) is continuous. The transversality assumption that %P is a 
non-degenerate solution of problem (71, 72; a;) is translated into the fact that 
^(A.u)^(O, 0, 0) is an isomorphism. Then the parametric inverse mapping theorem 
implies that there is a unique curve a ^ (A(a), z;(a)), < a < ao, converging to 
(0,0) for a — > 0, and such that (\(a)^v{pL)) is the unique zero of -^(a, •,•) in a 
neighborhood of (0,0). This concludes the proof of statement (ii). 

6.5 Proof of Proposition 14.71 

The setting. We recall the setting of Section l44l Let 71 € ^^(Li), 72 € 
S^^{Li), and x e ^^{Hi®H2). If a > 0, ^^(71,72;^) is the space of solutions 
u : 1;+ = {z e C I Rez > 0, < Imz < 1} ^ T*A'P of the equation 

dj,Hi®H2{u) = 0, (6.36) 
satisfying the boundary conditions 

7ro«(.z)eM/"((7i,72);^teLj- (6-37) 
(u(s), <^u(s + i)) e N*Am2 if < s < a, (6.38) 

(u(s), "fuis + i)) e N*A'^^^ if s > a, (6.39) 
lim u{s + ti) =x{t). (6.40) 

s — >+oo 

The energy of a solution u e ^^^(71, 72; x) is uniformly bounded: 

E{u):= [ \dsu\^dsdt<SLAli) + ^L2{l2)-AH,mHAx)- (6-41) 
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Let ao > 0. For a generic choice of Li, L2, and X^^^^^, both ^(f- (71, 72; x) and 
^^(71, 72; a;) are smooth oriented manifolds of dimension 

for every 71 e ^"^(Li), 72 e ^^(^2), 2^ e 0-^2) (see Proposition B^]) . 

The usual counting process defines the chain maps 

K^, < : (M(St) ® M(St)), ^ Ff_„(iJi e H2), 

and we wish to prove that Kq ® if^^ is chain honiotopic to K^^ ® Kq. Since X^^^ 
is chain homotopic to K^_^ for ao, ai g]0, +oo[, we may as well assume that ao is 
small. Moreover, since the chain maps Kq and K^^ preserve the filtrations of the 
Morse and Floer complexes given by the action sublevels 

St (71) + St (72) < A, (x) < A, 

we can work with the subcomplexes corresponding to a fixed (but arbitrary) action 
bound A. We also fix our generic data in such a way that transversality holds for 
the problem . 

The union of all the spaces of solutions (71,72 ;x) where 71 € 3^^{Li), 
72 G ^^{L2), and x e ^®(i?i ® H2) satisfy the index identity 

^\Jl)+^\l2)~^^''{x)^n, 

and the action estimates 

Sli (71) + Si, (72) < A, kH,(SH, {x) < A, 

is a compact zero-dimensional manifold, hence a finite set. We denote by ^ the 
finite subset of M consisting of the points q € M such that tt o u{0) = tt o u{i) = 
{q,q) for some u in the above finite set. We fix a positive number 6 such that for 
every q E £2 the ball Bs{q) is diffeomorphic to R", and 

Bs{q) n Bs{q') = Vg, g' G ^, g ^ g'. (6.42) 

Since real Grassmannians of a given dimension are connected, we can find a 
smooth path of 3ri-dimensional linear subspaces of A|r2,i x A|r2„ C R^" connecting 
A^l^ X A^2n to A^2n X A^l^ and containing the intersection of these two spaces, 

that is A^fi X A^^} . Therefore, for every pair of points q,q' G ^ we can find a 
smooth isotopy of embeddings 

<f : [0, 1] X ^ Bs{q)^ X Bs{qT C M^, 

such that, setting V^^, :— </3({A} x IR'^"), we have: 

(i) Vjj'^g, is relatively closed in Bs{q)^ x Bs{q')'^; 

(ii) (A(*; X A^^;) n (Bsiq)^ X Bsiqr) C V^^, for every A e [0, 1]; 
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i) K,^,, C Am2 X for every A € [0, 1]; 

/O _ / a(4) 



(iv) = (A^) X AmO n {Bs{qY X B5(g')'); 



(v) = (Am. X Ai^)) n [BsiqY x B,(g')*). 

We define C A/^ to be the union of V^^, over all pairs {q, g') € ^ x ^. By 
(|6.42p . is an isotopy of (non-compact) 3n-dimensional submanifolds of . 

Let 71,73 e ^^(ii), 72,74 e ^^(£2), and xi,X2 e ^^(iJieiJa) satisfy the 
index identity 

^''(71) + ^^(72) + *^(73) + ^^(74) - - ^i''{x2) = 2n, (6.43) 

and the action bounds 

(71) + Sl, (72) + Sl, (73) + Si, (74) < A, Ah,(bh, (xi) + Ah,(bh, (^2) < A. 

(6.44) 

Given a > 0, we define 

^r(7i,72,73,74;a;i,a;2) 

to be the set of pairs (A,w) where A G [0, 1] and u : [0, +oo[x[0, 1] T*M'^ is a 
solution of the equation 

dj,Ht(BH2®Hi(BH2iu) = 0, (6.45) 

satisfying the boundary conditions 

TT o u(0, •) e iy"(7i) X iy"(72) X M^"(73) X M^"(74), (6.46) 

{u{s),'S'u{s + i)) e N*V^ if < s < a, (6.47) 

{u{s),'^u{s + i)) e N*{A^^^ X A^^^) if s > a, (6.48) 

lim u{s + ti) = {xi{t),X2{t)). (6.49) 

s — *+oo 

By property (ii) above, the submanifold V'^ is partially orthogonal to A^^-* x A^^^"* 
for every A S [0, 1], so the results of Section [S] provide us with elliptic estimates 
for solutions of the above problem. 

Notice that if (0, u) belongs to ^^(71, 72, 73, 74; Xi, ^2), then writing u = 
{ui, U2) where ui and U2 take values into T*M'^, we have 

ui e ^0^^(71^72; 2^1 ), U2 e ^^(73, 74; 2^2)- 

If transversality holds, we deduce the index estimates 

^''(71) + ^''(72) - f^^^ixi) > n, zA(73) + *^(74) - ^i^{x2) > n. 

But then (j6.43p implies that the above inequalities are indeed identities. Similarly, 
if (1,m) belongs to (71, 72, 73, 74; a; 1, 2:2), we deduce that 

ui e ^^(7i,72;xi), U2 € ^cf(73,74;a;2)- 
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and 

«^(7i) + *^(72) - ^^''{x,) = n, *^(73) + ^^(74) - t^''ix2) = n. 

Conversely, we would like to show that pairs of solutions in x (or x 
correspond to elements of of the form (0, m) (or (1, w)), at least if a is 
small. This fact follows from the following localization result: 

6.7 Lemma. There exists a positive number a{A) such that for every a s]0, a(A)], 
for ev ery 71 73 € ^^{Li), 72,74 € ^'^(^2), 2:1,2:2 e ^®(i?i ® iJz) satisfying 
^6.43^ and Ii6.44\ l and for every (A, u) € (71, 72, 73, 74; 2:1, 0:2) i/iere holds 

TTou{[0,a]) ^TTou{[0,a] + i) C ^5/2(9)^ X Bs/2{q'f, 

for suitable q,q' G i?. 

Proof. By contradiction, we assume that there are an infinitesimal sequence of 
positive numbers {ah) and elements {\h,Uh) G ^i^(7i,72)73j74;a^i,2:2) where 
71: 72, 73, 74, 2:1, X2 satisfy (|6.43p . (|6.44p . and 

TT O M/i([0, a^]) ^ IT OUh i[0,ah]+i)<^ U 5^/2(9)' X %2(9')'- (6.50) 

Claim 1. Up to a subsequence, Ch{t) := tt o Uh{0,t) converge to some c in 
Wi'2([0, 1],M'') such that c(0) = c(l) = {q,q,q',q') with {q,q') e ^ x and Uh 
converges to some u £ (71, 72; x^g^(73, 74; X2) such that Trou{ti) = c{t) in 
Ci^c(]0, +oo[x [0, 1], r*M'') and uniformly on compact subsets 0/ [0, +oo[x [0, 1] \ 
{(0,0), (0,1)}. 

By IKm . ch is an element of IF" (71) x TV" (72) x ^"(73) x TV" (74). The 
latter space is pre-compact in VF^'^([0, 1], M''). By the argument of breaking 
gradient flow lines, up to a subsequence we may assume that (c/i) converges in 
W^'"^ to a curve c belonging to W"{ji) x W^"(72) x ^^"(73) x ^^"(74), for some 
71,73 e ^^{Li), 72,74 G ^^{L2) such that 

4 4 

either ^i^ilj) <^i^{lj) or (71,72,73,74) = (71,72,73,74)- (6.51) 
i=i j=i 

Similarly, the upper bound (|6.4ip on the energy E{uh) implies that {uh) converges 
to some u in C['^^(]0, +oo[x [0, 1]), using the L°° estimates of Section[Sl the standard 
argument excluding bubbling off of spheres and disks, and elliptic bootstrap. The 
same arguments, together with the W^'^ convergence of (c^) to c, imply that 
{uh) converges to u uniformly on compact subsets of [0, +cx)[x [0, 1] \ {(0, 0), (0, 1)} 
(actually, the W^'^ convergence of the boundary data implies W^^^'^ convergence 
near the portion of the boundary {0}x]0, 1[). In particular, 

{u{s),'rfu{s + i)) e N*{A^^^ X A^^^) Vs > 0, (6.52) 

and 

7rou(0,<) = 7rou(l,t) = c(t) Vte]0, 1[. (6.53) 



120 



The limit u satisfies equation (|6.45p . and 

lim u{s + ti) — {xi{t),X2{t)), 

s — *+oo 

with (ii,i2) e ^^{Hi © H2) X ^^{Hi H2) such that 

either fi^{xi) + ^^{x2) > fJ.^ixi) + fi^{x2) or (ii, = (a^i, a;2), (6.54) 
by the argument of breaking Floer trajectories. Due to finite energy, 
E{u) < liminf E{uh) 

h — ^+00 

< Sli (71) + (72) + Sli (73) + (74) - ^Hi®H2 (Xl) - ^Hi®H2 {X2), 

we find by removal singularities (Proposition 16. 4p a continuous extension of u to 
the corner points and i. By (|6.52p and (|6.53|) we have 

{u{0),'^u{i)) e A^*(A^^' X A^^^), 7row(0) =7roii(i) = c(0) = c(l). 

It follows that, setting c (ci, C2, C3, C4), there holds ci(0) — ci(l) = C2(0) = C2(l) 
and 03(0) — 03(1) = 04(0) = 04(1). So (ci,C2) and (03,04) describe two figure-8 
loops, and u belongs to {^1,^2', ii) x ^(f- (73, 74; X2)- In particular, the latter 
space in not empty, so 

^^(7i) + ^^(72) - (^""(ii) > n, z^(73) + - fi^{i2) > n. 

Together with (|6.43p . this implies 

4 2 4 2 

Comparing the above inequality with (|6.5ip and (|6.54p . we deduce that 

(71,72,73,74) = (71,72,73,74), (ii,i2) = (a;i,2:2). 
Therefore, u belongs to ^(f^ (71 , 72 ; xi ) x ^0^(73, 74; X2) and 

c(0) = c(l) = {q,q,q',q'), 
for some pair {q,q') G x .S, concluding the proof of Claim 1. 

Claim 2. Up to a subsequence, the sequences 0/ maps 

w°(z) := Uh{aiiz), vl{z) Uhii + ahz), 

converge to constant maps , uniformly on compact subsets of [0, +oo[x [0, +oo[. 
Moreover, 7r(t;°) = 7r(w^) = {q,q,q',q') for some pair (g,q') G x ^. 

It is convenient to replace the nonlocal boundary conditions ()6.47p . (|6.48|) by 
local ones. We define the sequence of maps 

Wh : [0,+oo[x[0,l/a,J ^T*Af8, Wh{z) := iv''^{z),^vliz)). 
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Then Wh satisfies the local boundary conditions 



r N*V^'' if < s < 1, 

whis) = {uh{ahs),'^uhiahs + i)) e | ^ ^(4)^ if s > l 

TT o it;ft(ti) = (tt o M^(0, aht), tt o u^(0, (1 - ah)t)) (c/i(a/it), Qi(l - a^t)) .(6.56) 

Up to a subsequence, we may assume that (A^) converges to some A G [0, 1]. The 
maps Wfi solve a Floer equation of the form 

dj{wh) = ahJXx, 

for a suitable time-dependent Hamiltonian K on T*AI^. Since we have applied 
a conformal rescaling, the energy of Wh is uniformly bounded, so (wh) converges 
up to a subsequence to some J-holoniorphic map w : [0, -|-oo[x [0, -|-oo[— > T*M^ 
uniformly on compact subsets of [0, +oo[x [0, +oo[ (more precisely, we have 
Ci^c(]0, +oo[x [0, +oo[) convergence once the domain [0, -|-oo[x [0, -|-oo[ is trans- 
formed by a conformal mapping turning the portion near the boundary point (1,0) 
into a neighborhood of (0, 0) in the upper-right quarter IH+ =]0, +oo[x]0, +oo[, and 
we have 14^3/2,2 convergence near the piece of the boundary {0}x]0, -|-oo[). The 
J-holomorphic map w has finite energy, so by removal singularities it has a contin- 
uous extension at oo (again, by Proposition [6]4] together with a suitable conformal 
change of variables). By (|6.55p and (|6.56p it satisfies the boundary conditions 

r N*V^ if < s < 1, 

"^^^"U*(aS'xa(;^)) if.il," ^'-''^ 

TT o w{0, t) = (c(0), c(l)) = (c(0), c(l)) for t > 0. (6.58) 

Since the boundary conditions are of conormal type and the Liouville one-form r/ 
vanishes on conormals, we have 

\Vw\^dsdt^ I w*[uj)= [ w*{dr])= [ dw* [t]) = [ w*{t])=0, 

IH+ J\H+ Jn+ J\H+ Jdli+ 

so w is constant. By ([^37)1 and ((g35|) . w belongs to N*V^ n iV*(A^'^^ x Aj^^^) n 
-^(c(o) c(o))-^^- particular, 7r(w) — (c(0),c(0)), and since c(0) — {q,q,q',q') with 
{q,q') G cS, so Claim 2 follows. 

Claim 2 contradicts (|6.50[) , proving the lemma. □ 

6.8 Remark. // (uh) is the sequence of solutions considered in the proof of the 
above lemma, we cannot conclude that {uh) converges uniformly in a neighborhood 
of the corner points (0,0) and (0,1). Indeed, generically this will not happen: 
otherwise the limit u would be an element o/ ^g^(7i, 72; xi) x (73, 74; 0:2) 
satisfying the extra condition m(0) = u(i), and this is a problem of Fredholm index 
—2n, for which generically there are no solutions. 

We can now built the required chain homotopy between Kq (g) K^^^ and K^^^ (g) 
Kq. We fix some ao €]0, a(^)], and we choose the generic data Li, L2, X^^ 
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in such a way that transversahty holds for the problems , -^a^-, and , and 
such that there are no elements of the form (0, u) or (1, u) in the zero-dimensional 
components of -y^^a ■ 

Let 71,73 e ^^(Li), 72,74 € ^^^(^2), xx,X2 e ^^{Hi®H2) be Hamiltonian 
orbits satisfying the index identity (|6.43p and the action bounds (|6.44p . Consider 
the one-dimensional manifold (71, 72, 73, 74; xi, 0:2), and let 

■^ro(7i,72,73,74;a;i,a;2) 

be the one-dimensional manifold with boundary obtained by attaching in the usual 

way elements (A, u) of the zero-dimensional spaces of solutions (necessarily, 

with < A < 1). The submanifold is not compact, but its intersection with the 

closure of Bs/2{q)'^ x Bs/2{q')'^, q,q' G =S, is compact, so the localization Lemma 
p 

16.71 implies that .'#ct(, (71, 72, 73, 74; a^i, 2:2) is compact, and its intersections with 
{A = 0} and {A = 1} are 

-^ro(7i,72,73,74;a;i,a;2) n {A = 0} = (7i , 72 ; a;i ) x (73, 74; 2:2), (6.59) 
-<ro(7i,72,73,74;a;i,a;2) n {A = 1} = ^^^(71, 72; xi) x (73, 74; a;2). (6.60) 

We denote by the subcomplex of 

MiSij MiSij ® M(St) ^ M(St) 
spanned by generators 71 (Ei 72 (Xi 73 (X" 74 with 

Sli(7i) + Sl,(72) + Si, (73) + Si, (74) < A. 
Similarly, we denote by the subcomplex of 

F^{Hi®H2)®F^{Hi(BH2) 
spanned by generators xi (E) X2 with 

We define a homomorphism 

P : Mf -> Ft2n+i 

by counting the elements of (71, 72, 73, 74; 0:2) in the zero-dimensional case: 

«^(7i) + ^^(72) + ^^(73) + ^^(74) - - ^i''ix2) = 2n - 1. 

Using the identities ([6?59l) and ((6?60| we see that P is a chain homotopy between 
the restrictions of Kq (g) K^^ and K^^ (g) to the above subcomplexes. This 
concludes the proof of Proposition 14.71 
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6.9 Remark. As mentioned in the introduction, the homotopy and localization 
argument used in the proof of Proposition ^ - 7| is inspired by an idea of H. Hofer's. 
One could try to apply this idea directly to the proof that the pair-of-pants ho- 
momorphism corresponds to the Morse theoretical interpretation of the loop 
product ( see Proposition \2.6\) . without passing from the factorizations through the 
figure-8 Floer and Morse complexes. This would involve showing that a Floer 
problem for u : T* satisfying the boundary conditions 

{u{s),'^u{s + i)) e N*{Am X Am) fors> 0, 

is homotopic to a Floer problem for u satisfying 

(m(s),'^u(s + i)) e 7V*Amxm /or < s < a, 
{u{s),'S'u{s + i)) e N*{Am X Am) for s > a. 

Here the trick of doubling the dimensions by using the algebraic Lemma \4-.b\ would 
not be needed, because the manifolds Amxa/ o,nd Am x Am have the same dimen- 
sion. However, a local isotopy between such manifolds cannot be partially orthogo- 
nal to Am X Am, so the elliptic estimates of Section\^ would not be available and 
one would face compactness problems. 

A Appendix - Morse constructions 

The aim of the first section of this appendix is to recall the construction of the 
Morse complex for functions defined on an infinite-dimensional Hilbert manifold. 
See |AM06| for detailed proofs. 

Many operations in singular homology can be read on the Morse complex (see 
for instance |Sch93|. IFuk93( IBC941 IVitQS) IFuk97| ). Here we are interested only 
in functoriality, in the exterior homology product, and in the Umkehr map. The 
corresponding constructions - still in our infinite dimensional setting - are outlined 
in the subsequent sections. 

A.l The Morse complex 

Let A4 he a (possibly infinite-dimensional) Hilbert manifold, that is, a Hausdorff 
paracompact topological space which is locally homeomorphic to a real Hilbert 
space and admits an atlas whose transition maps are smooth. If X is a smooth 
vector field on A4 and x €z M is a singular point for X, i.e. X(x) = 0, the Jacobian 
of X at a; is a well-defined bounded operator on T^Ai, that we denote by WX{x). 
The singular point x is said to be hyperbolic if the spectrum of \7 X{x) is disjoint 
from iR, and the Morse index i(x) of x is the (possibly infinite) dimension of 
the VX(a;)-invariant closed linear subspace of T^Ai associated to the part of the 
spectrum with positive real part. Hyperbolic singular points are isolated within 
the set of singular points. The vector field X is said to be Morse if all its singular 
points are hyperbolic. 

A real function / G C^{M) is said to be a Lyapunov function for X if 
Df{p)[X{p)] < for every p £ A4 which is not a singular point of X. If X is 
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Morse, then the set of singular points of X coincides with the set of critical points 
of /, that we denote by crit(/) (in general, crit(/) is contained in the set of singular 
points of X). If ^ 4>(t,p) denotes the flow of the vector field X, the stable 
and unstable manifolds of the hyperbolic singular point x are the subsets 

W'{x;X) := {p e M \ (l>{t,p) ^ X for t ^ +00} , 
W^{x;X) := {p eM\(j){t,p)^x for t^^oo}. 

Wc just write W'^{x) and VF"(a;) when the vector field X is clear from the con- 
text. They are always injectively immersed smooth submanifolds of M, and if X 
admits a Lyapunov function / and i{x) < +00 they are actually embedded sub- 
manifolds (if i{x) — +00, the same is true under a non-degeneracy condition on /, 
see Theorem 1.20 in }AM06] ). Their tangent spaces at x are the VX(a;)-invariant 
subspaces determined by the negative part (for the stable manifold) and the pos- 
itive part (for the unstable manifold) of the spectrum of \7X{x). In particular, 
dimW^"(x) = i{x). The Morse vector field X is said to satisfy the Morse-Smale 
condition if for every pair of singular points x, y, the unstable manifold of x is 
transverse to the stable manifold of y. 

A Palais-Smale sequence for the pair (X, /) is a sequence (ph) C M such that 
f{ph) is bounded and Df{ph)[X{ph)\ is infinitesimal. The pair {X,f) is said to 
satisfy the Palais-Smale condition if every Palais-Smale sequence has a converging 
subsequence. 

Let ^{M) be the set of all real functions f on Ai which are bounded from 
below and for which there exists a smooth vector field X on Ai such that: 

(XI) / is a Lyapunov function for X; 

(X2) X is Morse and all its singular points (i.e. the critical points of /) have finite 
Morse index; 

(X3) the pair {X, f) satisfies the Palais-Smale condition; 

(X4) X is forward complete (i.e. the fiow (j){t,p) is defined for every t > 0). 

Such a vector field is called a (negative) pseudo- gradient for /. The Morse index 
i{x) of a critical point x of f does not depend on the choice of the pseudo-gradient 
X, and if / has a non-degenerate Gateaux second differential d^f{x) at the critical 
point X, i{x) coincides with the standard Morse index i{x] /), that is the dimension 
of a maximal linear subspace of TxAi on which d'^f{x) is negative definite. The 
set of critical points of / of Morse index k is denoted by critA:(/). 

If / is a smooth Morse function, bounded from below, and it satisfies the Palais- 
Smale condition with respect to some complete Riemannian metric g on M (in 
the usual sense, see e.g. |Cha93j ). then — grad^/ satisfies (X1)-(X4), so / G J^{M). 
However, it is useful to have a theory which allows also for non-regular functions 
/, as the example of the Lagrangian action functional introduced in Section 12.21 
shows. 

If / G JF(A^), it is possible to perturb the smooth vector field X generically, 
in such a way that (X1)-(X4) still hold, and: 
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(X5) X satisfies the Morse-Smale condition. 

In this paper, genericity for a pseudo-gradient X is meant in a suitable complete 
metric space of vector fields which coincide with the original one up to order one at 
critical points, endowed with an adapted Whitney metric such that all the vector 
fields whose distance from the original one is less than 1 still satisfy (X1)-(X4). 
We shall not specify such metric space any further (see |AM06| for more details). 

Let us fix a real number a. Since / is bounded from below, (X2) and (X3) 
imply that / has finitely many critical points in the sublevel {/ < a}. Using also 
(X4) and (X5), one can find open neighborhoods U{x) of each critical point x in 
{/ < o} such that, if we set 

Ml:^ U 0([O,+cx)[xZ^(a;)), Vfc G N U {(»}, 

x^cr\t{f ) 
f{x)<a 
i{x)<k 

the (eventually constant) sequence {A^^jfcgN is a cellular filtration of A^J^. More 
precisely, if M^{f) denotes the free Abelian group generated by the critical points 
in {/ < a} of Morse index k, one has 



and this isomorphism is uniquely determined by the choice of an orientation of 
each unstable manifold W^{x) of x G critfc(/) n {/ < a}. Moreover, Ai'^ is 
a deformation retract of the sublevel {/ < a}. Then the cellular complex of the 
cellular filtration {A^^j^giH induces the structure of a chain complex on the graded 
group Af"(/), whose homology is isomorphic to the singular homology of Al^, 
hence to the singular homology of {/ < a}. This chain complex is called the Morse 
complex of {X,f) on the sublevel {/ < a}. If we choose different neighborhoods 
lA{x), we obtain the same chain complex. Actually, the boundary homomorphism 

can be expressed in terms of the standard generators of M^{f), that is the critical 
points X such that f{x) < a and i{x) — k, a.s 

dkx^ X! '^d{x,y)y, (A.l) 

aecrit(/) 
i{y)=k-l 

where ng is defined as follows. The chosen orientation of each unstable manifold 
W"(a;) induces a co-orientation of each stable manifold. By (X5), each intersection 
(x) n W {y) is a transverse intersection of an oriented submanifold of dimension 
i{x) and a co-oriented submanifold of codimension i{y). So W'^{x) n W^{y) is an 
oriented submanifold of dimension i(a;)—i(?/). When i(a;)— j(j/) — 1, W'^{x)rW {y) 
consists of finitely many flow orbits, and nQ(x,y) is the number of those orbits 
on which the direction of X agrees with the orientation, minus the number of the 
other ones. 
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The Morse complex of (X, /) on is a chain complex on the graded free 
AbeUan group M^{f) generated by all the critical points of /, and it is defined 
either by taking a direct hmit of {M^{f),d^} for a t oo, or - equivalently - by 
formula (jA.l|) . which does not depend on a. In order to use the vector field X to 
construct a cellular filtration of the whole M, one would need that every critical 
point X does not belong to the closure of the union of all the unstable manifolds 
of critical points y of Morse index < i(x). The latter fact is implied by the 
Morse-Smale condition when there is a finite number of critical points of any given 
index, but it mail fail in the general case. This is why we work with sublevels and 
we define the Morse complex on as a direct limit. Since the homology functor 
commutes with direct limits, the first definition implies that the homology of 
{M* (/),£?*} is isomorphic to the singular homology of M. 

If we change the orientations of the unstable manifolds, we get isomorphic 
Morse complexes. The same is true if we choose a different pseudo-gradient vector 
field X satisfying (X1)-(X5) with respect to the same /. Therefore, the Morse 
complex of f is well-defined up to isomorphism, for every / £ J-{A4). 

It is also useful to consider the following relative version of the Morse complex. 
Let A be an open subset of the Hilbert manifold A4. Let J-{Ai,A) be the set of 
all real functions / on which are bounded from below on A1 \ ^ and for 
which there is a smooth vector field X on A4 such that: 

(XI') / is a Lyapunov function for X on A4\A; 

(X2') X is Morse on \ ^ and all its singular points in this open set have finite 
Morse index; 

(X3') the pair {X, f) satisfies the Palais-Smale condition on \ A\ 

(X4') A is positively invariant with respect to the flow of X (i.e. p & A implies 
4>{t,p) G A for every t > for which the flow is defined), and X is forward 
complete relative to A (i.e. if (pitjp) is not defined for all t > 0, then (j){t,p) £ 
A for t large enough). 

In particular, (X3') implies that X has no singular points on the boundary of 
A, hence / has no critical points on the boundary of A. In fact, a sequence 
(ph) C \ -4 which converges to a singular point of X on the boundary of A 
would be a Palais-Smale sequence which does not converge in A^ \ By a generic 
perturbation, we may assume that X satisfies also: 

(X5') X satisfies the Morse-Smale condition on Al \ ^. 

Then the relative Morse complex of {X,f) on (Al,^) is constructed as before, 
but taking into account only the critical points of / in Al \ A. The homology 
of this chain complex is isomorphic to the relative singular homology if* (Al , A) . 
As before, the isomorphism class of the Morse complex does not depend on the 
pseudo-gradient X, but only on the function /. 
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A. 2 Functoriality 

Let (/3:A1i^A^2bea smooth map between Hilbert manifolds. Let fi £ T{M.i) 
and /2 e T{M2), and let Xi and X2 be corresponding Morse-Smale pseudo- 
gradients, i.e. smooth vector fields satisfying (X1)-(X5). We denote by cj)^ and cjP 
the corresponding flows. We assume that 

each y e crit(/2) is a regular value of (p; (A. 2) 

X e crit(/i), ip{x) £ crit(/2) => i(a;; /i) > /2). (A.3) 

The set of critical points of /2 is discrete, and in many cases (for instance, if ip is 
a Fredholm map) the set of regular values of (f is generic (i.e., it is a countable 
intersection of open and dense sets), by Sard-Smale theorem |Sma65j . In such a 
situation, condition (jA.2p can be achieved by arbitrary small (in several senses) 
perturbations of ip or of f2- Also condition (|A.3[) can be achieved by an arbitrary 
small perturbation of ip or of /2 , simply by requiring that the image of the set of 
critical points of /i by ip does not meet the set of critical point of f2- 

By (IA.2p and (|A.3p . up to the perturbation of the vector field Xi and X2, we 
may assume that 

Va; e crit(/i), Vy € crit(/2), 'p\w^{x;Xi) is transverse to W^y; X2). (A. 4) 

Indeed, by (|A.2[) and (jA.3[) one can perturb Xi in such a way that if p G W"{x; Xi) 
and ip{p) is a critical point of /2 then rank£)(/?(p)|7'pH/u(a,) > j(i^(p); /2). The pos- 
sibility of perturbing X2 so that (|A.4p holds is now a consequence of the following 
fact: if is a finite dimensional manifold and ij; : W ^ is a, smooth map such 
that for every p £ W with iplp) £ crit(/2) there holds rankD^(p) > i{ip{p); /2), 
then the set of pseudo-gradient vector fields X2 for /2 on A^2 such that the map 
Ip is transverse to the stable manifold of every critical point of /2 is generic. 

The transversality condition (|A.4p ensures that if x G crit(/i) and y £ crit(/2), 
then 

W{x,y) ■.^W^{x;Xi)ncp-^W%y;X2)) 

is a submanifold of dimension i{x; fi) — i{y; /2). If W'^{x; Xi) is oriented and the 
normal bundle of VF^(y;A'2) in M2 is oriented, the manifold W{x,y) carries a 
canonical orientation. In particular, if i{x; fi) = i{y; /2), W{x, y) is a discrete set, 
each of whose point carries an orientation sign ±1. The transversality condition 
(|A.4p and the fact that VF"(a;;Xi) has compact closure in A^i imply that the 
discrete set W(x, y) is also compact, so it is a finite set and we denote by n^(x, y) £ 
Z the algebraic sum of the corresponding orientation signs. We can then define 
the homomorphism 

n^{x,y)y, 

j/ecritfc(/2) 

for every x £ critfc(/i). 

We claim that M^,(p is a chain map from the Morse complex of {fi,Xi) to 
the Morse complex of {f2,X2), and that the corresponding homomorphism in 
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homology coincides - via the isomorphism described in Section lA.ll - with the 
homomorphism : H^{Mi) — > H^{M.2)- 

Indeed, let us fix a real number ai, and let 02 be larger than the maximum of 
/2 on the image by Lp of the union of all unstable manifolds of critical points of /i 
in {/ < oi} (the latter is a compact set). Then we can find open neighborhoods 
Ui{x), i — 1,2, of each critical point x £ crit(/i), such that the sequence of open 
sets 

TW^'fe = IJ <j)'{[0, +oo[xU,{x)), fc e N U {00}, i^l,2, 

x£cvit{fi) 
i{x-fi)<k 

is a cellular filtration of M^^^, which is a deformation retract of the sublevel 
{peMil flip) < a,}, and 

<^(-M?:oo) C{peM2\ f2{p) < a2} . 

By the transversality assumption (jA.4p . if p belongs to W^{x; Xi) with fi{x) < 
ai, then ip{p) belongs to the stable manifold of some critical point y G crit(/2) 
with i{y', f2) < ii^] fi) and /2(y) < 12- A standard compactness-transversality 
argument shows that, up to the replacement of the neighborhoods Ui{x), x G 
crit(/i), by smaller ones, we may assume that 

p e M^^^ =^ (p{p) e W^y; X2) for some y e crit(/2) with i{y; /2) < k 

and /2(y) < a2. 

Since the set ^^2^ ^ (/)^ -positively invariant open neighborhood of the set of the 
critical points of /2 in {/2 < 02} whose Morse index does not exceed k, it is easy 
to find a continuous function to : A^i^oo ~^ [0: +00 [ such that 

peMI^^ =^ ^\t„{p),ip{p))eM^\, Vfc e N. 

Therefore, ipip) := (?!)^(to(p), ^{p)) is a cellular map from to {M2\}ke\n, 

and it is easy to check that the induced cellular homomorphism 

coincides with the restriction M^,(p : M^^{fi) — > M^^{f2), once we identify the 
group -fffc(-A^°fc, ■A^^fc_i) with M^'-{fi), by taking the orientations of the unstable 
manifolds into account. Then, everything follows from the naturality of cellular 
homology, from the fact that the inclusions ji : M°^'^ ^ {p £ Mi \ f{pi) < ai} 
are homotopy equivalences, from the fact that j2 o ?/) is homotopic to ip o ji, and 
by taking a direct limit for ai t +00. 

The above construction has an obvious extension to the case of a smooth map 
(fi between two pairs {A4i,Ai) and {A42,A2), where Ai is an open subset of A^i, 
for i = l,2. 

A.l Remark. We recall that if two chain maps between free chain complexes 
induce the same homomorphism in homology, they are chain homotopic. So from 
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the functoriality of singular homology, we deduce that M^if o M^ip and M^ip o -0 
are chain homotopic. Actually, a chain homotopy between these two chain maps 
could be constructed in a direct way. 

A. 2 Remark. Consider the following particular but important case: A4i = Ai2 
and ip — id. Then M . 0fj holds automatically, and lA.^ji means asking that every 
common critical point x of fi and /2 must satisfy i{x; fi) > i{x; /2). In this case, 
the above construction produces a chain map from M^{fi) to Af*(/2) which induces 
the identity map in homology (after the identification with singular homology). 

A. 3 Remark. For future reference, let us stress the fact that if it is already 
known that p g W"{x; Xi) and (p{p) G crit(/2) imply TSL'DkDip{p)\'j^^\Y^{x;Xi) ^ 
i{^{p)',f2), then condition iA.^) is redundant, condition iA.3\) holds automatically, 
and there is no need of perturbing the vector field Xi on Mi. 

A. 3 The exterior homology product 

Let Mi,M2 be Hilbert manifolds, let /i e T{Mi), /2 G T{M2), and let Xi and 
X2 be corresponding Morse-Smale pseudo-gradients. If we denote by /i © /2 the 
function on A^i x A^2, 

/l ffi /2 {Pl,P2) fl{Pl) + f2{P2), 

we see that /i ® /2 belongs to J^{Mi ^ M2), and 

Xl®X2{pi,P2) (Xi(pi),X2(p2)), 

satisfies (X1)-(X5) with respect to /i /2- Moreover, 

critf(/i ® /2) = U critj(/i) x critfe(/2), 

hence 

M,(/ie/2)- M,{fi)(8>Mk{f2). 

If we fix orientations for the unstable manifold of each critical point of /i, /2, and 
we endow the unstable manifold of each [xi, X2) G crit(/i © /2), 

W^{{XUX2)) ^W^{xi) XW^{X2), 

with the product orientation, we see that the boundary homomorphism in the 
Morse complex of (/i © /2, -'^^i © ^2) is given by 

d{xi,X2) = {dxi,X2) + {-iy^'''Hxi,dx2), yx, e crit(/,), i = 1,2. 

We conclude that the Morse complex of (/i © /2, -^1 © X2) is the tensor product 
of the Morse complexes of {fi,Xi) and {f2,X2). So, using the natural homomor- 
phism from the tensor product of the homology of two chain complexes to the 
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homology of the tensor product of the two complexes, we obtain the homomor- 
phism 

H.Mih) ® HkMif2) ^ H,+kM{h ® /2). (A.5) 

We claim that this homomorphism corresponds to the exterior product homomor- 
phism 

H,{Mi) ® Hk{M2) H,+k{Mi X M2), (A.6) 

via the isomorphism between Morse homology and singular homology described 
in Section lA.il 

Indeed, the cellular filtration in {/i < ai} x {/2 < 02} can be chosen to be 
generated by small product neighborhoods of the critical points, 

W^'"' = U 0'([O,+Oo[xZii(xi)) X 02([O,+OO[XW2(X2)) 

(a:i,a:^2)6crit(/ie/2) 
/i(a;i)<ai, f2(o02)<a2 

j+k=e 

By excision and by the Kiinneth theorem, together with the fact that we are 
dealing with free Abelian groups, one easily obtains that 

and that the boundary homomorphism of the cellular filtration W* is the tensor 
product of the boundary homomorphisms of the cellular filtrations and A42%- 
Passing to homology, we find that (|A.5P corresponds to the exterior homology 
product 

by the usual identification of the cellular complex to the Morse complex induced 
by a choice of orientations for the unstable manifolds. But using the fact that 
the inclusion M^^^ ^ {/i < ai} and M'^'^^ ^ {./2 < are homotopy equiva- 
lences, and by considering a direct limit for 01,02 t +00, we conclude that (|A.5[) 
corresponds to (|A.6p . 

A. 4 Intersection products 

Let AIq be a Hilbert manifold, and let tt : f ^ A4q be a smooth rank-n oriented 
real vector bundle over Aio- It is easy to describe the Thom isomorphism 

T : Hki£,£\Mo) Hk-niMo), a n a, 

in a Morse theoretical way {t£ e H^{£,£ \ Aio) denotes the Thom class of the 
vector bundle £). 
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Indeed, let /o G J^{M.o) and let Xq be a Morse-Smale pseudo-gradient for 
/q. The choice of a Riemannian structure on the vector bundle £ determines the 
smooth function 

/i(0:-/oWO)-iei^ veef. 

The choice of a connection on £ induces the horizontal-vertical splitting and the 
isomorphism: 

T^£ = T^£ e Tl£ - T^(^)Mo ^"'(^(C))- 

By the above identifications, we can define the tangent vector field Xi on the total 
space £ by 

Xi(0 (Xo(7r(a),C). 

It is readily seen that {fi,Xi) satisfies conditions (X1')-(X5') of Section [A. II on 
the pair {£ , £ \ Ui) , Ui being the set of vectors ^ in the total space £ with |^| < 1. 
Therefore, the homology of the relative Morse complex of (/i, Xi) on {£,£\Ui) is 
isomorphic to the singular homology of the pair {£ , £ \ Ui) , that is to the singular 
homology oi {£,£ \A4q). Actually, the critical points of /i are contained in the 
zero-section of £, and if we identify such a zero section with Mq, we have 

critfc(/i) = critfe_„(/o), T,W^ix;X,) = T,W^{x;Xo)(B7t-\x), V.t e crit(/o), 

so the orientation of the vector bundle £ allows to associate an orientation of 
W"{x; Xi) to each orientation of W'"'{x; Xq). Then the relative Morse complex of 
{fi,Xi) on {£,£ \ is obtained from the Morse complex of (/o,Xo) on Aio by 
a — 71-shift in the grading: 

Mfe(/i,Xi) = Mfe_„(/o,Xo), 

and one can show that the isomorphism r - read on the Morse complexes by the 
isomorphisms described in Section lA.ll - is induced by the identity mapping 

Mfe(/i,Xi) ^ Affe_„(/o,Xo), 

see |CS09| for more details. 

Consider now the general case of a closed embedding e : Mq ^ A4, assumed 
to be of codimension n and co-oriented. The above description of the Thom 
isomorphism associated to the normal bundle NA4q of A4q and the discussion 
about functoriality of Section IA.2I provide us with a Morse theoretical description 
of the Umkehr map 

e, : HkiM) Hk-niMo). 

It is actually useful to identify an open neighborhood of A^o with NM.Q by the 
tubular neighborhood theorem, to consider again the open unit ball lAi around the 
zero section of A^A^Oi and to see the Umkehr map as the composition 

Hj{M) ^ Hj{M,M\iri) = Hj{NMo,NMo\Mo) ^ i/j-„(A^o), 

the map i : Ai ^ {M, A4\Ui) being the inclusion. Let /o, Xq, fi,Xi be as above. 
We use the symbols /i and Xi also to denote arbitrary extensions of /i and Xi 
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to the whole M. Let / € T{M), and let X be a Morse- Smale pseudo-gradient 
for /. Since we would like to achieve transversality by perturbing X and Xq, but 
keeping Xi of product-type near A^o, we need the condition 

a; e crit(/) n A^o =^ i{x;f)>n, (A.7) 

which implies that up to perturbing X we may assume that the unstable manifold 
of each critical point of / is transversal to A^o- Assumption (|A.2p is automatically 
satisfied by the triplet («, /, /i), while (jA.3p is equivalent to asking that 

x e crit(/) ncrit(/o) =^ i{x- f) > i{x- fo) + n. (A.8) 

Conditions (|A.7|) and (|A.8p are impHed by the generic assumption crit(/)nAlo — 0- 
By the arguments of Section IA.2I applied to the map i (in particular, condition 
(jA.4[) ). we see that up to perturbing X and Xq (keeping Xi of product-type near 
A^o)) we may assume that for every x £ crit(/), y G crit(/o), the intersection 

WixiX) n W'iy;Xi) = W{x;X) n W'{y;Xo) 

is transverse in M, hence it is a submanifold of dimension i(x] f) — i{y; /o) — n. 
If we fix an orientation of the unstable manifold of each critical point of / and 
/o, these intersections are canonically oriented. Compactness and transversality 
imply that when i{y; /o) — i{x; f) — n, this intersection is a finite set of points, each 
of which comes with an orientation sign ±1. Denoting by ne, {x,y) the algebraic 
sum of these signs, we conclude that the homomorphism 

Mkif) ^ Mk-n{fo), 2;i-> ^ ne,{x,y)y, Vx G critfe(/), 

yecrit(/o) 

*(y;/o)=fe-n 

is a chain map of degree — n, and that it induces the Umkehr map ei in homology. 

Let us conclude this section by describing the Morse theoretical interpretation 
of the intersection product in homology. See |BC94j for the Morse theoretical 
description of more general cohomology operations. Let M be a finite-dimensional 
oriented manifold, and consider the diagonal embedding e : Am ^ M x M, which 
is n-codimensional and co-oriented. The intersection product is defined by the 
composition 

HjiM) ® Hk{M) Hj+k{M X M) ^ Hj+k-n{^M) = Hj+k-n{M), 
and it is denoted by 

. : H^{M) (g> Hk{M) H^+k-n{M). 

The above description of ei and the description of the exterior homology product 
X given in Section IA.3I immediately yield the following description of •. Let 
fi £ !F{M), i ~ 1,2, 3, and let Xi be corresponding Morse-Smale pseudo-gradients 
(here we could assume that the /i's are smooth Morse functions, and that Xi = 
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— gradg/i with respect to three suitable complete metrics gi on M). The non- 
degeneracy conditions (jA.7p and (|A.8|) . which are used to represent e\, are now 

a;Gcrit(/i)ncrit(/2) =^ i{x;fi) + i{x-j2) > n, {A.9) 
X e crit(/i) n crit(/2) n crit(/3) => i{x; h) + i{x] /2) > i{x\ h) + ri.(A.lO) 

These conditions are implied for instance by the generic assumption that /i and 
/2 do not have common critical points. We can now perturb the vector fields Xi, 
X2, and in such a way that for every triplet Xi € crit(/i), i — 1,2,3, the 
intersection 

Wiixi,X2);Xi(SX2)na{W'{x3;X3)), 

a : M ^ M X M being the map a{p) = {p,p), is transverse in M x M, hence it 
is an oriented submanifold of Am of dimension i{xi; /i) -I- i{x2; /2) — ^ixa; fs) — n. 
By compactness and transversality, when i{x^] /a) — i{xi; /i) + i{x2', /2) — n, this 
intersection, which can also be written as 

e X W^{x2;X2)\p^W'{x:i;X-i)}, 

is a finite set of points, each of which comes with an orientation sign ±1. De- 
noting by n, (xi, 2:2; xs) the algebraic sum of these signs, we conclude that the 
homomorphism 

Mj{fi,gi)(E)Mk{f2,g2) ^ Mj+k-n{f3,g3), Xl(g)X2^-^ ^ n,(a:i, a;2; 2:3) 2:3, 

a:3ecrit(/3) 
i{x3.f3)=j+k~n 

where xi G critj(/i), X2 & critfc(/2), is a chain map of degree ~n from M{fi) (g) 
M{f2) to M{f^), and that it induces the intersection product • in homology. 
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